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DIFFERENTIAL GEOMETRIC INVARIANTS FOR 
TIME-REVERSAL SYMMETRIC BLOCH-BUNDLES: THE “REAL” CASE 


GIUSEPPE DE NITTIS AND KIYONORI GOMI 

Abstract. Topological quantum systems subjected to an even (resp. odd) time-reversal symmetry can 
be classified by looking at the related “Real” (resp. “Quatemionic”) Bloch-bundles. If from one side the 
topological classification of these time-reversal vector bundle theories has been completely described 
in (dgD for the “Real” case and in IDG2I for the “Quatemionic” case, from the other side it seems 
that a classification in terms of differential geometric invariants is still missing in the literature. With this 
article (and its companion IDG3I ) we want to cover this gap. More precisely, we extend in an equivariant 
way the theory of connections on principal bundles and vector bundles endowed with a time-reversal 
symmetry. In the “Real” case we generalize the Chern-Weil theory and we show that the assignment of 
a “Real” connection, along with the related differential Chern class and its holonomy, suffices for the 
classification of “Real” vector bundles in low dimensions. 


Contents 


1. Introduction 

2. Theory of connections for time-reversal symmetric bundles 

2.1. Time-reversal principal bundles: “Real” and “Quatemionic” structures 

2.2. Time-reversal equivariant connections 

2.3. Time-reversal equivariant connections on vector bundles 

2.4. Grassmann-Berry connection and equivariance condition 

2.5. Time-reversal equivariant Holonomy 

2.6. Curvature of a time-reversal equivariant connections 

3. Differential geometric classification of “Real” vector bundles 

3.1. A short reminder of the equivariant Borel cohomology 

3.2. “Real” Chern classes: topological point of view 

3.3. “Real” Chern-Weil theory 

3.4. Classification of “Real” l[J(l)-principal bundles 

3.5. “Real” l[J(l)-principal bundles and flat connections 

3.6. Classification of “Real” principal bundles in low dimensions 


Appendix A. 
Appendix B. 
Appendix C. 
Appendix D. 
Appendix E. 
References 


“Real” structures associated to the generalized harmonic oscillator 
A reminder of the theory of connections 
Chern-Weil theory 
A reminder about spectral sequences 
Some properties of the cohomology H* (A, ] 


1 

6 

7 

J 9 

13 

14 
16 

17 

18 
18 
21 
2A 
23 
26 
28 
29 
31 
39 
43 

M 

48 


1. Introduction 

Families of operators H{x) which depend continuously on parameters x e A are ubiquitous in math¬ 
ematical physics. Systems of this type usually show peculiar properties that are of topological nature, 
hence extremely stable under perturbations. The recent enormous interest for this new “paradigm” 
of topological quantum states is justified by the fact that states of this type can be realized in certain 
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condensed matter systems called topological insulators (see e. g. IIHK2II for a modern review on the 
subject). Dealing with the business of topological quantum states one has to face two types of prob¬ 
lems: The first concerns the classification of all possible topological phases while the second regards 
the way in which different phases can be distinguished. The first problem can be usually faced in a 
certain generality by using quite abstract tools like K-theories llKil IFMl IThl or equivariant homotopy 
techniques BKGl IKZH or cohomology theories BDGHIDG2II 3- Instead, an adequate answer to the sec¬ 
ond problem necessitates the use of less sophisticated and more manageable objects like differential 
forms and connections. This is the reason why differential geometry offers a privileged framework for 
the study of topological phases of quantum systems. The aim of this paper is twofold: first, to provide 
a coherent and self-contained review of the differential geometric tools commonly used for the study 
of topological phases of systems when symmetries are absent; second, to develop new geometric dif¬ 
ferential tools capable to classify topological phases for quantum systems subjected to time-reversal 
symmetry. 


Before exposing the main contributions of this paper, we formalize in a precise way the type of 
systems of interest and we recall how the notion of topological phase emerges. 

Definition 1.1 (Topological quantum system^. Let X be a compact Hausdorff space, 'Ll a separable 
Hilbert space and dLflfH) the algebra of compact operators on 'H. A topological quantum system is a 
self-adjoint map 

X 3 X ^ H{x) - H{x)* e jeiH) (1.1) 


continuous with respect to the norm-topology of JlL ifH). Let (t{H{x)) = {Lfx) | y € J c Z) c R, the 

sequence of eigenvalues of H{x) ordered according to ... /l_2(x) < /l_i(x) < 0 < /li(x) < Ajix) <_ 

The map x i—> Lfx) (which is continuous by standard perturbative arguments BKatH ) is called j-th 
energy band. An isolated family of bands is a (finite) collection {/ly((-), . ■. of energy bands 

such that 


min 

xeX 


dist 




i=i 


U i-'-i 


Q >0. 


(1.2) 


Inequality (11.21) is usually called gap condition. 


A standard construction associates to each topological quantum system of type (11.11) with an iso¬ 
lated family of m bands a complex vector bundle S ^ X of rank m which, to some extent, can be 
named Bloch-bundl^ The first step of this construction is the realization of a continuous map of rank 
ni spectral projections X 3 x P(x) associated with the isolated family of bands by means of the 
Riesz-Dunford integral', the second step turns out to be a concrete application of the Serre-Swan The¬ 
orem lIGBVFl Theorem 2.10] which relates vector bundles and continuous family of projections. By 
borrowing the accepted terminology in the field of topological insulators we will refer to systems of 
type described in Definition 1 1.1 1 as topological quantum systems in class A (see e.g. BSRFLII ). In this 
case the (Cartan) label A expresses the absence of symmetries and extra structures. Since topological 
quantum systems in class A lead to complex vector bundles (without any other extra structure) they are 


^It is interesting to point out that these three approaches do not always give the same results depending on the number 
of valence/conduction bands (a.k. the stable rank in the mathematical jargon). The A'-theory is the least fine of these 
techniques being totally insensitive to the stable rank (by construction). However, the A'-theory has the enormous advantage 
of being easily computable. On the opposite side, the homotopy theory is the most precise of these approaches but presents 
the unfortunate disadvantage of being not (algorithmically) computable in general. The technique based on cohomology is 
seated in the center: It is algorithmically computable and at the same time sufficiently precise to be sensible to the stable 
rank. 

^The setting described in Definition ! 1.1 l ean be generalized to unbounded operator-valued maps x H(x) by requiring the 
continuity of the resolvent map x i-> Rjx) {H(x) - zl) * 6 JL (H). Another possible generalization consists in replacing 
the norm-topology with the open-compact topology as in iFMl Appendix D]. However, these kind of generalizations have 
no particular consequences for the purposes of this work. 

^This name is justified by the fact that the Bloch theory for electrons in a crystal (see e.g. I AMI ) provides some of the 
most interesting examples of topological quantum system. 
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topologically classified by the set Vec'^(X) of isomorphism classes of rank m complex vector bundles 
over the base space X. The theory of classification of complex vector bundles is a classical, well- 
studied, problem in topology. Under rather general assumptions for the base space X, the set Vec^(X) 
can be classified by using homofopy fheory fechniques and, for dimension d ^ 4 (and for all m) a com- 
plefe description can be done in terms of cohomology groups and Chern classes llPell (see e. g. BDGH 
Section 3] for a summary of fhese sfandard resulfs). Even more relevanf is fhe fad fhaf when X has 
a manifold sfrucfure fhe Chern classes can be easily described in terms of certain differential forms 
builf from any connecfion: This is fhe core of fhe celebrafed Chem-Weil theory (cf. Appendix O and 
references fherein). The relevance of fhis resulf is huge bofh for fhe mafhemafical descripfion and fhe 
physical inferprefalion of fhe fopological phases. Indeed, fhe use of fhe differential calculus makes 
fhe compufafion of fhe de Rham cohomology of a manifold much more accessible fhan fhe singular 
cohomology of a fopological space. Moreover, fhe descripfion of fhe fopological phases in terms of 
differential forms is a fundamental step to associate topological protected states of the system with 
different values of suitable observables. The study example in this context is provided by the quantum 
Hall effect where inequivalent physical states characterized by different values of the Hall conductance 
are distinguished by Chern numbers thr'ough the Kubo-Chem formula BTKNNirBESlIDLl . 

Topological quantum systems described in Definition I 1.1 l occur naturally in the study of r/-dimensio- 
nal systems of independent quantum particles that are invariant under continuous translations (e. g. free 
electrons) or subjected to a periodic potential (e. g. electrons interacting with a crystal). In the first 
case, after a Eourier transform, one obtains a fibered operator parametrized by the points of a sphere 
:= {k € I ||k|| = 1) that results as the one-point compactification of the momentum space 
by the identification on physical grounds of the infinite momenta (notice that the finiteness of these 
“extended” momenta is compensated by the introduction of an extra dimension). In the second case the 
Bloch-Eloquet transform BKucH provides a fibered operafor paramefrized by fhe poinfs of fhe Brillouin 
forus x ... x A defailed descripfion of fhese fwo relevanf examples, fogefher wifh a 

precise consfrucfion of fhe related Bloch-bundles, can be found in IIDCll Secfion 2]. Allhough X = %‘^ 
and X = T'^ are fhe mosf common sifualions occurring in condensed mailer, Ihrough fhis work we 
will consider fhe general case of a compacf manifold X. The physical mofivalion behind fhis choice 
relies on fhe observation fhaf operator-valued maps like (11.11) are nof exclusively models for condensed 
matter systems. Eor insfance, fhey can be used as models for quanfum Hamilfonians H{x) perturbed 
by external (elecfromagnefic, sfrains, ...) fields, x faking values in fhe parameter space X; see e. g. fhe 
rich monographs HBMKNZH and BCJII or fhe recenl paper IICR2II . An example of a fopological quanfum 
system associaled wifh fhe physics of fhe harmonic oscillator and nof related wifh any condensed 
matter sysfem is discussed in Appendix IaI 

The phenomenology of a topological quanfum sysfem can be enriched by fhe presence of symme- 
fries. In fhis work we are mainly interested in fhe effecfs induced by symmefries of time-reversal 

type. 

Definition 1.2 (Time-reversal symmefric fopological quanfum sysfems). Let x H{x) be a topo¬ 
logical quantum system as described in Definition li.il Assume that X is endowed with an involu¬ 
tion T : X —> X (cf. Section and 'K with a complex conjugation (i.e.an anti-linear involution) 
C .’Ll ^ ’Ll. We say that x i-> H{x) is a topological quantum system with a lime-reversal symmefry if 
there exists a continuous unitary-valued map x J{x) on X such that 

J{x)* H{t{x)) J(x) = C H{x) C , C J(t(x)) C - ±J{x)* . (1.3) 

If the second equation in (fO is realized with the sign -F (resp. —} we say that the time reversal 
symmetry is even (resp. odd). Topological quantum systems with an even time-reversal symmetry 
(-vTR) are said to be of class AI. Similarly, systems with an odd time-reversal symmetry (-TR) are said 
to be of class Alfl 

^Also in this case the Cartan labels AI and All are borrowed from the standard terminology of topological insulators 
ISRFLI . 
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Before discussing the geometric implications of Definition 11.21 let us say something about the un¬ 
derlying physical motivations. On a physical ground a Hamiltonian H possesses a symmetry of time- 
reversal type if there is an anti-unitary operator 0 := JC such that 0^ = ±1 which commutes with 
H. The passage to a parameter dependent description as in Definition 11.21 requires that both H and 
0 have to be simultaneously “fiberable” operators. For instance in the case of electronic systems this 
means that both H and 0 have to be periodic operators, hence simultaneously decomposable over the 
Brillouin zone via a Bloch-Floquet transform. In many of the most relevant physical applications the 
operator 0 acts only at level of internal (spinorial) degrees of freedom and not on the spatial degrees of 
freedom. In these cases the dependence of 0 (and hence of J) by the quasi-momentum is trivial and the 
unitary-valued map a J{x) in (11.31) turns out to be just a constant map J. On the other hand this is 
not the most general possible situation and it is possible to design models where the basic symmetries 
need to be twisted by a phase which depends on the position (e. g. in the spirit of the Zak’s magnetic 
translations). For this reason we chose to consider in this work, at least as a mathematical interest, the 
more general situation described in Definition 11.21 We point out that the effect of a non-constant map 
J can be not totally harmless as shown by Proposition 12.191 


Also topological quantum systems with time-reversal symmetry lead to complex vector bundles. 
However, the presence of the symmetry endows the vector bundles with an extra structure: In the case 
of a -i-TR symmetry one obtains “Real” vector bundles (or simply ‘ii-bundles) while in presence of a 
-TR symmetry one ends up to “Quaternionic” vector bundles (or Q-bundles for short). “Real” vector 
bundles have been invented by M. F. Atiyah in BAtlH while J. L. Dupont introduced for the first time 
the notion of “Quaternionic” vector bundles in imfl. Both 9?-bundles and Q-bundles are complex 
vector bundles over an involutive space (X, r) endowed with an involutive automorphism of the total 
space which covers the involution r and restricts to an anti-linear map between conjugate fibers. More 
precisely: 


Definition 1.3 (91-bundles and G-bundles). Let (2f, t) be a topological space endowed with a contin¬ 
uous involution r and n \ S X a complex vector bundle of rank m. We say that § has a “Real” 
structure if there is a topological homeomorphism 0 : J’ —> such that: 

(Eq.) The bundle projection n is equivarianf in the sense that n o & = t o n; 

(A.L.) The homeomorphism 0 acts anfi-linearly at each fiber, i. e. &(Ap) - A0(p)for all p € S and 
d € C (here A stands for the complex conjugate of A); 

(91) &^ip) = +pfor all p e S’. 

We say that S has a “Quaternionic” structure r/(91) is replaced by 
(Q) 0^(p) = -pfor all p e S. 


91-bundles and Q-bundles define new cafegories of locally frivial fibered objecfs wifh fheir own mor- 
phisms. A vecfor bundle morphism f ■. S ^ S' befween fwo vecfor bundles (over fhe same base 
space) is a confinuous map which is fiber preserving in fhe sense fhaf n = n' o f and which restricfs 
fo a linear map on each fiber. Similarly an 91-morphism (resp. Q-morphism) / : (S,&) —> (S',0') 
befween fwo 91-bundles (resp. O-bundles) over fhe same involutive space (2f, r) is a vecfor bundle 
morphism commuting wifh fhe involufions, f. e. / o 0 = 0' o /. The sef of equivalence classes of 
isomorphic 91-bundles of rank m over (X, t) is denoted by Vec^(X, r). Similarly the set of equivalence 
classes of rank m Q-bundles is denoted by Yec'^iX, r). Topological quantum systems of type AI and 
All are classified by Vec!jj*(X, r) and VecQ(X, r), respecfively. 

Topological quanfum sysfems of fype AI and All have been complefely classified up fo dimen¬ 
sion four in BDGll IDG2I1 in ferms of proper characferisfic classes belonging fo suifable equivarianf 
cohomology fheories. The major aim of fhe presenf work is fo conned fhese “absfracl” classifying 


^In this work J. L. Dupont called this new category of vector bundles symplectic. However, the name of symplectic vector 
bundle is also used in the literature for vector bundles with a quaternionic fiber (see e. g. iHiH i. For this reason we chose to 
use the name “Quaternionic” in order to avoid confusion. 
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invariants with more “concrete” objects that can be defined at a differential geometric level in the case 
in which (X, r) carries a suitable manifold structure (see properties H.l - H.4 below). There are many 
interesting physical situations covered by this framework. For instance, in the case of free electrons 
with a time-reversal symmetry (independently if odd or even) the involutive space is the TR sphere 
= (S^, r) with involution T{ko, ki,...,kd) = (ko, -ki ,..., -k^) for all {kQ,ki,... ,kd) e This 
paiticular form of the involution encodes the physical information that only the zero momentum and 
the infinite momentum are left unchanged by the time inversion while all the others are reversed (see 
BDGll Section 2] for more details). Similarly, in the case of electrons in a crystal subjected to a time- 
reversal symmetry one has that the Brillouin zone is the involutive TR torus = (T'^, r) where the 
involution r is induced by the product structure T‘^ = S*x...xS^ 

Mathematically, this paper consists of two major parts each of which contains new relevant results. 
The first part, which essentially coincides with Section |2l provides a coherent construction of the 
theory of connections for bundles endowed with a time-reversal structure. Since this construction 
amounts to a natural, but non trivial, extension of the usual theory of connections to the categories of 
“Real” and “Quaternionic” vector bundles, we found appropriate and pedagogical to present the new 
theory of time-reversal connections in parallel with a systematic review of the classical theory. Here 
the main goals are: 

- The definition and the description of time-reversal (“Real” and “Quaternionic”) principal 
\]{m)-bundles. This includes the content of Section l2d1 

- The definition of the notion of equivariant connection on principal bundles endowed with time- 
reversal (“Real” and “Quaternionic”) structures and its local description (Section 12.21) . The 
extension of the notion of equivariant connection to time-reversal vector bundles (Section [231) . 
The identification of the condition for the equivariance of the Grassmann-Berry connection 
(Section [23). 

- The study of the holonomy (Section 1231) and the curvature (Section 1231) defined from a time- 
reversal equivariant connection. 

In the second part, which agrees with Section [3l we use the notion of time-reversal equivariant con¬ 
nection in order to provide a classification of “Real” vector bundles based on differential geometric 
invariants. More precisely: 

- We prove that the topological “Real” Chern classes, which are elements of the equivariant 

Borel cohomology (Section l3.ll and 1331) and which are sufficient to classify 

“Real” vector bundles in low dimensions BDGIH . can be described as even degree differen¬ 
tial forms of a graded de Rham complex: this is the “Real” analog of the Chern-Weil theory 
(Section [331>. 

- The classifying cohomology H^{X, Z(l)) generally possess a non-vanishing torsion part (even 

when the homology of X is torsion free) but the differential representatives of the “Real” Chern 
classes can detect only the free part of Z(l)). However, when Z(l)) is pure 

torsion we can exploit the holonomy associated to Siflat “Real” connection in order to classify 
“Real” vector bundles (Section 13.4113.51 and 13.61) . These results can be summarized in the 
following: 

Classification principle (cf. Theorem l3.17l) . Let {X, r) be an involutive manifold such that dim(X) < 3 
(plus certain technical assumptions). Then 

(i) If H^^(X,X{\)) has no torsion then “Real” vector bundles over (X,t) are classified by the 
differential “Real” Chern class associated to any “Real” connection; 

(ii) lfH^{X, Z(l)) is pure torsion then “Real” vector bundles over (X, r) are distinguished by the 
holonomy with respect to aflat “Real” connection (modulo gauge transformations). 

The paper is completed by a series of appendices which have the role of reviewing the basic facts 
in the theory of connections on principal bundles (Appendix IB]), the Chern-Weil theory (Appendix 
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ICl) and the theory of spectral sequences (Appendix ID]) which is a ubiquitous tool for computation in 
cohomology. The intention of including these three appendices is to make this paper self-consistent 
and accessible to possible non expert readers. A last Appendix |E] contains just a few technical compu¬ 
tations. 

The natural third part of our analysis, consisting of the differential geometric classification of 
“Quaternionic” vector bundles, will appear in a separated incoming article IIDG3L We decided to split 
the full content in two parts since the “Quaternionic” case is more involved than the “Real” case and 
necessitates the introduction of certain technical notions which cannot be covered in a few pages. 

Acknowledgements. CD’s research is supported by the grant Iniciacion en Investigacidn 2015 - N° 
11150143 funded by FONDECYT. KG’s research is supported by the JSPS KAKENHI Grant Number 
15K04871. GD wants to thank the organizers of the workshop Topological Phases of Quantum Matter 
at the Erwin Schrddinger Institute (Wien) where part of this work was done. The authors would like 
to thank the anonymous reviewer for the useful comments and suggestions which help us to improve 
the quality of our paper. 


2. Theory of connections for time-reversal symmetric bundles 


Throughout this paper, we deal with topological spaces X endowed with homeomoiphisms t : X ^ 
X such that = Idx- They are usually called involutions. We assume, when not stated otherwise, that: 

(H.l) X is compact, Hausdorff, path-connected and without boundary; 

(H.2) A is a smooth manifold of finite dimension d; 

(H.3) The involution t : A ^ A is smooth in the sense that it preserves the manifold structure. 


Assumptions (H.l) and (H.2) together say that A is a closed manifold, 
imply (see e. g. |May[ Theorem 3.6]) 


Moreover, (H.2) and (H.3) 


(H.4) The involutive space (A, r) admits the structure of a Z 2 -CW-complex. 


Eor the sake of completeness, let us recall that an involutive space (A, r) has the structure of a Z 2 - 
CW-complex if it admits a skeleton decomposition given by gluing cells of different dimensions which 
carry a Z 2 -action. Eor a precise definition of the notion of Z 2 -CW-complex, the reader can refer to 
BDGll Section 4.5] or [May iMatllAPl . 


We assume that the reader is familiar with the most basic facts concerning the theory of vector 
bundles and we will refer to the standard monographs IIMSllHillHu]l when necessary. Eor what concerns 
the theory of “Real” and “Quaternionic” vector bundles we refer to BDGIII and IIDG2L respectively. Eet 
us recall that vector bundles are usually defined in fhe topological category meaning fhaf all fhe maps 
involved in fhe various definitions are continuous functions between topological spaces. However, if 
the base space A has an additional smooth (resp. C'-differentiable) manifold structure one can define 
vecfor bundles in fhe smooth category (resp. C-category) by requiring fhaf all spaces involved in fhe 
definitions carry a smooth (resp. C'^-differentiable) manifold structure and maps are smooth (resp. C) 
functions. More details about this question are available in llHil Chapt. 4] but here we need to recall a 
fundamental fact: 


Theorem 2.1 (Topological vs. smooth category). Every topological (complex, real or quaternionic) 
vector bundle d” —> A over a smooth manifold X has a compatible smooth bundle structure which 
is unique up to smooth isomorphisms. The same is true if the space X is endowed with a smooth 
involution r and S’ carries a “Real” or “Quaternionic” structure. In particular one has 

‘‘’PVec™(A) ‘^'Vec;^(A) , F = R,C,H, r€NU{oo), 

namely the set of equivalence classes of topological rank m (complex, real or quaternionic) vector 
bundles agrees with the set of equivalence classes ofC^ rank m (complex, real or quaternionic) vector 
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bundles. Similarly, one has that 

'°PVec"*(X, t) ^ ^''Vec^CX, t) , X = 9? , Q , 

where 9? and Q stand for the “Real” or “Quatemionic” structure, respectively. 

Theorem 12.11 can be understood as a paiticular manifestation of the extremely general Oka-Grauert 
principle BGrll which is valid also in the equivartiant category HHKIL A direct proof of Theorem 12.II 
in the case of complex, real or quatemionic vector bundles can be found in llHil Chapt. 4, Theorem 
3.5]. The key argument of the proof is that continuous classification maps can be deformed to smooth 
classification maps. Since also “Real” or “Quatemionic” vector bundles admit a homotopy classifi¬ 
cation (see BDGll Theorem 4.13] and IIDG21 Theorem 2.13], respectively) a similar ai'gument applies 
also for these categories. The importance of Theorem 12. II resides in the fact that it allows us to switch 
from the topological to the C'^ or smooth category, and vice versa, in an arbitrary manner. In the rest 
of this work we will often make use of this freedom. 

2.1. Time-reversal principal bundles: “Real” and “Quatemionic” structures. The study of vec¬ 
tor bundles is equivalent, both topologically and geometrically, to the study of principal bundles. On 
the other side, as discussed in Appendix |B] (and references therein), the theory of connections is more 
naturally developed on the domain of principal bundles. The aim of this section is to adapt the “Real” 
and “Quatemionic” structures to principal bundles. This is, indeed, the first step toward a consistent 
definition of “Real” and “Quatemionic” connections. Before proceeding, let us recall that principal 
bundles are related to vector bundles through the structure group. Since both “Real” and “Quater- 
nionic” vector bundles over a compact base space admit an equivariant Hermitian metric (see BDGll 
Remark 4.11] and BDG21 Proposition 2.10], respectively), it turns out that the relevant structure group 
is the unitary group V{m) together with its Lie algebra u(m) of anti-Hermitian matrices. 

Definition 2.2 (91 and Q-principal bundles). Let {X, r) be a topological space endowed with a contin¬ 
uous involution r and n \ ^ X a principal J]{m)-bundle (see Appendix\B\for the definition). We 

say that has a “Real” structure if there is a topological homeomorphism 0 : , 5 ^ —> ^ such that: 

(Eq.) The bundle projection n is equivariant in the sense that n o © = t o n; 

(Inv.) 0 is an involution, i. e. 0^(p) = pfor all p € 

(iR) The right \){m)-action on fibers and the homeomorphism ©fulfill the condition 
®{Ru{p)) = Rui&ip)) , d p e ^ , Vue \)(m) 

where Ru{p) = p ■ u denotes the right V(m)-action andu is the complex conjugate of u. 

We say that has a “Quatemionic” structure if the structure group l[J(2»i) has even rank and (iR) is 
replaced by 

(Q) The right \){2m)-action on fibers and the homeomorphism ©fulfills the condition 
©iRuip)) = R^riuf&ip)) , V p e , V u € U(2m) 

where cr : \)(2m) \](2m) is the involution given by cr{u) := Q u- Q~^ - —Q -u-Q with 



( 0 -1 

1 0 



Q ■= 







0 -1 


\ 


1 0 


a symplectic matrix. 

We will often refer to “Real” and “Quatemionic” principal bundles with the abbreviations 91-principal 
bundles and Q-principal bundles, respectively. 
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Remark 2.3. Let us point out that both in the “Real” and in the “Quaternionic” case the map 0 
is subjected to the involutive property (Inv.). This means that both 31- and Q-principal bundles are 
examples of Z 2 -equivariant principal bundles (indeed properties (Eq.) and (Inv.) define these objects). 
This is an important difference wifh respecf fo fhe case of “Quafernionic” vecfor bundles for which 
fhe fofal space is endowed wifh an antf-involufion (cf. property (Q) in Definifion 11.31) . Lef us also 
recall fhaf in fhe case of involutive base spaces wifh fixed poinfs a “Quafernionic” sfrucfure necessarily 
requires a sfrucfure group of even dimension IIDG21 Proposition 2.2]. ◄ 

Morphisms (and isomorphisms) of 31- and Cl-principal bundles are defined in a nafural way: If 
and are fwo of such principal bundles over fhe same involutive space (X, r) fhen 

an 31- or Q-morphism is a principal bundle morphism f : ^ ^ (as described in Appendix |B]) 
such fhaf / o 0 = 0' o /. We will use fhe symbols Prin'p^^^(X, r) and Prin^p^^(X, r) for fhe sefs 
of equivalence classes of “Real” and “Quafernonic” principal bundles over (X, r), respecfively. An 
31-principal bundle over (X, r) is called trivial if if is isomorphic fo fhe producf 31-principal bundle 
X X V{m) wifh frivial 31-sfrucfure 0o : (x, u) (t(x), u). In much fhe same way, a trivial G-principal 
bundle is isomorphic fo fhe producf Q-principal bundle Xxl[J(2m) endowed wifh fhe frivial Q-sfrucfure 
00 : {x, u) (t(x), cr{u)). 

The usual equivalence (of cafegories) befween principal bundles and complex vecfor bundles which 
leads fo isomorphisms of fype (IB. II) exfends also fo 31- and Cl-principal bundles. 

Proposition 2.4. Let Prin'p^^^jj(X, t) and Prin^^ 2 m)(^’'^) of equivalence classes o/31- and 

£i-principal bundles over the involutive space (X, r). Then, there are isomorphisms 

'°'’Vec;”(X,T), Prinu( 2 ,n)(^> '°'’Vec|"'(X, r). 

Proof. We sfarf wifh fhe (more inferesfing) “Quafernionic” case. Lef 0) be a Q-principal bundle 
over (X, t) wifh bundle projection n \ ^ ^ X. The associated bundle consfrucfion (cf. Appendix 
IbI) provides a complex vecfor bundle n' \ S ^ X wifh fofal space S y, C^'"/l[J(2m) where 

fhe equivalence relation is (p, v) ~ (p • u,u~^v) for some u € V{2m) and fhe new bundle projection 
n' = n'oprj is fhe composifion of tt wifh fhe canonical (firsf componenf) projecfion pr^ : 

This vecfor bundle inherifs a O-sfrucfure &: S’ ^ S’ given by 0([(p, v)]) [0(p), Gvj. This 

definifion is compatible wifh fhe equivalence relation. Indeed, 0(p • u) = 0(p) • cr{u) by definifion, and 

2(m-1v) ^ - (2-m"'-2^)v = -((2-0 “'• e)v = (cr(u)"'• 2)v . 

Wifh fhis definifion, fhe fhree properties (Eq.), (A.L.) and (Cl) in Definifion 11.31 are easily verifiable. 
Moreover, fhe sfandard Hermifian mefric on S given by m([(p, v)], [(p, w)]) := v • w is evidenfly 
0-equivarianf in fhe sense fhaf m o 0 - Tn. 

Conversely, let {S, 0) be a rank 2m Q-vector bundle over (X, r) with a bundle projection n' \ S ^ X 
and a 0-equivariant Hermitian metric in (which exists in view of IIDG21 Proposition 2.10]). Consider 
the associated orthonormal frame bundle ^ := ^{S). As explained in Appendix iBl this is a principal 
l[J(2m)-bundle over X and each point p € can be identified wifh a choice of an in-orthonormal 
basis of (fjt, i. e. p = {vi,..., V 2 m)- The frame bundle ^ can be endowed wifh fhe involution % ■. SP ^ 
given by 0 : {vi,...,V 2 m) {0(V2),-0(vi),..., 0(v2m),-0(v2m-i))- Wifh fhis definifion fhe 

conditions (Eq.) and (Inv.) of Definifion 12.21 are frivially satisfied. In order fo check condition (Q) we 
notice fhaf for each u € l[J(2m) one has Ruip) = {vj,..., wifh vj := MyAp Since 0(vp := 
^ 0(vy) by anfi-linearify, one concludes affer a sfraighfforwai'd calculation fhe expecfed relation 

@{Ru{p)) = Rq.u.q-i{®{p)). 

Einally, fhe isomorphism Prinp^ 2 m)(^’ '^) ~ '°PVec^(X, t) (and fhe equivalence of cafegories) can be 
proved as in fhe complex case by showing fhaf fhe associated bundle construction and the frame bundle 
construction are, up fo Q-isomorphisms, mufually inverse mappings befween Q-principal bundles and 
Q-vecfor bundles. 
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The proof for the “Real” case follows exactly the same line as in the “Quaternionic” case. The only 
difference in this case (it is in fact a simplification!) is that the matrix Q has to be consistently replaced 
by the identity matrix. ■ 

Example 2.5 (TR principal bundles with product structure). Let S ^ X be a “Real” or “Quaternionic” 
vector bundle over the involutive space (X, r) obtained from a continuous map of rank m spectral 
projections X 3 x P{x) associated with a time-reversal symmetric topological quantum system 
in the sense of Definition 11.21 More specifically fhis means fhaf fhe projecfions are subjecfed fo fhe 
fransformafion relation J{x)* • P{x) ■ J{x) = P{t{x)) where x J{x) is a confinuous map wifh values 
in fhe unitary operators on a fixed Hilberf space Pi such fhaf J{t{x)) ■ J{x) = ±1. In many inferesfing 
cases fhe Hilberf space PH has finife dimension N (or one can reduce fo consider a similar sifuafion by 
an argumenf similar fo BHul Chapfer 3, Theorem 5.5] when X is a finife dimensional CW-complex). 
In fhis case fhe vector bundle S’ ^ X can be seen as a subbundle of a frivial bundle X x —> X 

wifh fime-reversal strucfure 0 : {x, v) = (t(x), J{x)\). The proof of Proposition 1X4] shows fhaf also fhe 
associated principal bundle ^(Xx C^) = X x \J{N) inherits a time-reversal structure which is given by 
0 : {x, u) - (t(x), J{x) ■ u) in the “Real” case or by 0 : {x, u) = (t(x), J{x) -u - Q)m the “Quaternionic” 
case (if N is even). ◄ 

Remark 2.6 (Equivariant local trivializations). “Real” and “Quaternionic” principal bundles are spe¬ 
cial types of principal lLJ(ni)-bundles and so they admit local trivializations by definition (cf. Appendix 
11). Less obvious is that these objects are also locally trivial in the category of principal bundles over 
spaces with involution. However, we can deduce immediately from Proposition 12.41 that 51- and Q- 
principal bundles admit equivariant local trivializations. With this we mean that for each given 91- 
or Q-principal bundle {^,&) over the involutive space (X, t) there exists an open cover {Uq.) of r- 
invariant sets t('1Xq.) = Ua and local trivializations ha : Ua x V(m) equivariant in the sense 

that /iq, o 0 = 00 o ha where 0o is the trivial structure on the product principal bundle Ua x \]{ni). As a 
matter of fact Proposition I2.4l states that each 91- or Cl-principal bundle can be seen as the frame bundle 
of an associated 91- or Q-vector bundle. These latter are locally trivial objects (cf. BDGH Proposition 
4.10] and IIDG21 Proposition 2.9]) and, as explained in Appendix |B] local trivializations of the under¬ 
lying vector bundle automatically provide local trivializations for the principal bundle. The equivari- 
ance of the local trivializations ha automatically implies the r-equivariance of the transition functions 
y’yS.Q' ■ Ua (^Ufj ^ V(m). More precisely, one has that in the “Real” case and 

= o-{ip/j^a{x)) in the “Quaternionic” case. ◄ 

Let us finish fhis section by commenting on fhe case of an involufive base space (X, r) wifh a smoofh 
strucfure in fhe sense of assumptions (H.1)-(H.3). In fhis sifuafion one can extend Definition (12.21) fo 
fhe smooth category simply by asking fhe appropriafe regularify for all fhe maps fhaf enter into the 
definition. Moreover, Proposition 12.41 automatically extends to the smooth category. Combining this 
fact with Theorem 12. H one immediately obtains: 

Corollary 2.7. Let (X, t) be an involutive space which verifies assumptions (H.1)-(H.3). Then 

^ Vec"XX, r) - ‘°PVec:^(X, r) 

^Vec|”(X, r) - ‘°PVec|”(X, r) 

where the principal bundles are understood in the -category with r e N U {oo}. 

As a consequence we have the freedom to use smooth structures on 91- and Q-principal bundles in 
order to explore the classification of topological quantum system subjected to a TR symmetry. 

2.2. Time-reversal equivariant connections. In this section (X, r) will be an involutive space that 
verifies conditions (H. 1) - (H.3) and we consider principal l[J(ni)-bundles in the smooth category n : 
3^ ^ X endowed with a “Real” or “Quaternionic” structure 0 : ^ as in Definition 12.21 We 

use the symbol m e n^(,^,u(m)) for connection 1-forms associated to given horizontal distributions 
p Hp of ^ (for a reminder of the theory of connections see Appendix |B]). We observe that the Lie 
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algebra u(m) has two natural involutions: a real involution u(m) 9 ^ i-a ^ € u(m) and a quatemionic 
involution u(2m) 3 ^ cr{^) := ^ ■ Q e u(2m). Here ^ e u(m) is any anti-Hermitian matrix of 

size m and the matrix Q has been defined in (I2.1I) . Finally, given a A:-form (p € £/) with value in 

some structure (module, ring, algebra, group, etc.) and a smooth map f : ^ we denote with 

f*(p := 0 o /* the pull-back of (p with respect to the map / (and /* : is the push forward 

of vector fields). Given a u(m)-valued A:-form f e u{m)) we define fhe complex conjugate form 

(p poinfwise, i. e. ^^(Wp,..., wp := fpiWp ,..., Wp) for every ^-fuple {wj,,..., Wp) c Tp^ of fangenf 
vecfors af p € If follows fhaf f*(p = f*cp for every smoofh map f \ ^ ^ Similarly, if 
(p € 0.^(1^, u{2m)) we define o-{(p) poinfwise by cr{(p)p{Wp ,..., w^) -Q- <pp(Wp ,..., Wp) • Q. Hence, 

one has fhaf cr{f*(p) = f*cr{(p). 

Lemma 2.8. Let {X,t) be an involutive space that verifies conditions (H.l) - (H.3) and n \ ^ X a 

smooth principal V{m)-bundle over X endowed with a “Real” structure @ ^ ^ ^ as in Definition 
12.21 If o) e Q.^{lf^,u{ni)) is a connection 1-form then also 0*Zu is a connection 1-form. Similarly, if 
&: IP ^ IP is a “Quatemionic” structure and a> € Q.^{lP,u{2m)) is a connection 1-form then also 
0 *cr(a») is a connection 1-form. 

Proof. We sfarf wifh fhe “Real” case. In view of Proposifion IB.II we need only fo verify fhaf 0*Zu 
verifies properties (a’) and (b’) fhaf characferize a connection 1-form. For (a’) let f*p := Fp(^) e TpiP 
be the vertical vector at the point p ^ IP associated with f e u(ni) by (IB.51) . Then 

(0 co)p(fp) - m0(p)(0*^p) = ^(S)(p)(^0(p)) = ? - ^ 

where we used the equality 0*^* = ^g(p) which can be checked from the definition (IB.51) . The arbi¬ 
trariness in the choice of ^ € u(m) implies 0*a> oVp = Idii(m). For property (b’), given a tangent vector 
Wp € TplP at the point p € IP and au € V{m) one has that 

(R:(0*m))p(wp) = (0*m)p^(^)((R„).Wp) - ° 

^ "(R^o0)(p)((^» ° 0)*Wp) - (Rlm)^^^^(0*Wp) 

= iZ“' • (m)0(p)(0*Wp) -u = u~^ ■ (0*m)p(Wp) • u 
which proves that /?*(0*ai) = Ad(M“‘) o (0*a>). 

For the “Quatemionic” case the proof follows exactly along the same line. The only difference 
consisfs in fhe proper equalify 0*^* = ^ the proof of (a’). ■ 

Wifh fhese premises we are now in posifion fo give fhe following definifions. 

Definition 2.9 (“Real” and “Quafernionic” equivarianf connecfions). Let {X, t) be an involutive space 
that verifies conditions (H.l) - (H.3) and tt : IP ^ X a smooth principal JJ{m)-bundle over X endowed 
with a “Real” or a “Quatemionic” structure & \ IP ^ IP as in Definition 12.21 We say that a 
connection 1-fomi to € Q.^{P,u(m)) is equivarianf if@*Tb - to in the “Real” case or Q*cr{a)) = to in 
the “Quatemionic” case. Equivariant connections in the “Real” case are called “Real” connections 
(or ^-connections). Similarly, we call “Quatemionic” connections (or ^-connections) the equivariant 
connections in the “Quatemionic” case. 

Remark 2.10. Lef a> be a connecfion 1-form for fhe (smoofh) principal l[J(m)-bundle n ■. IP ^ X. 
Proposifion IB . 1 1 assures fhaf bofh Zo in fhe “Real” case or cr(a>) in fhe “Quafernionic” case are connec¬ 
fion 1-forms for P. Moreover, a sfandard resulf stales fhaf for every (smoofh) map ^ \ P ^ IP also 
&*to is a connecfion 1-form for IP. This means fhaf fhe equivariance condifion can be equivalenfly 
wrillen as Q*to = toin fhe “Real” case and &*to = tr{to) in fhe “Quafernionic” case. ◄ 

Proposition 2.11 (Existence of equivariant connections). Let (X, t) be an involutive space that verifies 
conditions (H.l) - (H.3) and n \ IP ^ X a smooth principal JJ{m)-bundle over X endowed with a 
“Real” or “Quatemionic” structure @ : IP ^ IP. Then there exists at least one equivariant (“Real” 
or “Quatemionic”, respectively) connection on IP. 
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Proof. Theorem IB.2I assures that ^ has at least one connection 1-form tu and Lemma 12.81 shows 
that also to' = 0*a> in the “Real” case or u' = &*o-(a>) in the “Quaternionic” case are connections. 
Since convex combinations of connections are still connections we can define the average connection 
<^eq which is equivariant by construction. ■ 

A major consequence of the this result is that it shows that the spaces of equivariant connections 
are non empty. We denote with 5 Isr(^) c Q^(^,u(m)) the space of 91-connections on the “Real” 
principal bundle (i^,0). Similarly, 9 Iq(,^3^) c will denote the space of Q-connections 

on the “Quaternionic” principal bundle 0). Let us introduce the sets of equivariant 1 -forms 

u(m)) := jtu € u(m)) | &*oj - m| 

QQ(^,u(2m)) := |m € u(2/n)) | 0*cr(m) = a»| . 

We recall that a 1-form is called horizontal if it vanishes on vertical vectors. The set of u(m)-valued 
1-form on which are horizontal and which verify the transformation rule (b’) in Proposition IB. II is 
denoted with u(m), Ad). Accordingly, we can define fhe sefs 

:= a^^/,^,u(m),Ad) n u(m)) 


( 2 . 2 ) 


a 


1 

Q.hor'- 


u(2m). Ad) := Q^^flP,u(2m),Ad)ri D.l^{lf^,u{2m)) . 


Proposition 2.12. The sets 9Isjj(,^) and 9Iq(.!^) are closed with respect convex combinations with real 
coefficients. Moreover, they are affine spaces modelled on the vector spaces u(«i). Ad) and 

Qq hor^'^’ u(2m). Ad), respectively. 

Proof. The proof follows direcflv from Remark IB. 3 1 and Corollary IB. 61 ■ 

Connecfion 1-forms of a principal lU(ni)-bundles can be described in terms of collecfions of local 
1-forms on fhe base space subjecfed fo suifable gluing rules (see Theorem IB .41 and equafion lB.81) . This 
facf exfends fo fhe categories of “Real” and “Quafernionic” principal bundles, provided fhaf an exfra 
equivariance condifion is added. Lef tt : > A be an 9? or Q-principal bundle over fhe involufive 

space (A, r) and consider an equivariant local frivializafion {Ua,ha} in fhe sense of Remark [231 wifh 
related fransifion funcfions {(fp^a\- On each open sef Uq, c A we can define a local (smoofh) section 
Sq,(x) h~^{x, 1) wifh 1 € V(m) fhe idenfify mafrix. Due fo fhe equivariance of fhe maps h^ fhe sec- 
fions Sq, inherif fhe equivariance properfy Sq. o r = 0 o Sq.. Lef to be an equivarianf connecfion 1-form 
for We can use fhe equivarianf sections Sq. fo consfrucf fhe pull-backs iTla ■= {Safto. By defini¬ 
tion, each iTla is a local 1-form wifh values in fhe Lie algebra u(m), i. e. an elemenf of Q^(Ua, u(m)). 
Moreover, a simple calculation shows T*yia - (Sq, o t)*u> = (0 o Sa)*co = s*(0*u>). This implies fhaf 
T*.na = 2Ra if m is a “Real” connection and T*cr(Jla) = if m is a “Quaternionic” connection. In 
analogy wifh (12.21) we infroduce fhe sefs of 1-forms 

(2.3) 


Q,Jj(lt, u(m)) := 


[lA e Q.\U,u(m)) I = Jlj 

D^(U,u(2m)) jj?l € a'(U,u(2m)) | rVQ?!) = . 

where If c A is some r-invarianf open sef. We are now in position fo sfafe fhe following resulf: 

Theorem 2.13 (Local description of equivarianf connections). Let (A, r) be an involutive space that 
verifies conditions (H.l) - (H.3) and n : ^ X a smooth principal V{m)-bundle over X endowed 

with a “Real” or “Quaternionic” structure 0 : Let {1 Iq,,/1q,) be a set of equivariant 

local trivializations (in the sense of Remark \2.6\l with related equivariant transition functions 
There is a one-to-one correspondence between equivariant connections to € and collections of 

equivariant 1-forms e nj('Lt„, u(m))} which verify the transformation rules 


Here, the subscript T is used as a label for both the “Real 


(2.4) 


on Uq, n Uy 3 . 

structure 9? and the “Quaternionic 
structure Q. Moreover, in the “Quaternionic” case the rank m has to be considered even. 
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Proof. The proof follows exactly as in the non-equivariant case (cf. Theorem IB.4I and related refer¬ 
ences). Moreover, as a consequence of the equivariance of the transition functions (cT Remark 
12.61 ) one can easily check the compatibility between the transformation rule (12.41 ) and the equivariance 
condition for 1 -forms in u(m)). ■ 

Corollary 2.14. Let X be a manifold with trivial Z 2 -action. Then any “Real” \J{l)-principal bundle 
over X admits only one “Real” connection. 

Proof. Let a> be a connection 1-form identified by family of local 1-forms {^a}- Since the action of r 
is trivial the first of (12.31) leads to However, this implies = 0 since must take value 

in u(l) = iR. Then the unique “Real” connection a> is specified by fhe local condifions (o-a)*Ci> = 0 
where cTq, : Uq, are fhe canonical secfions defined by fhe “Real” frivializafion. ■ 


We conclude fhis secfion by discussing a simple buf inferesfing (af leasf in low dimension) sifuafion 
in which equivarianf connections can be consfrucfed explicifly. 


Example 2.15 (Equivarianf connecfions on TR bundles wifh producf sfrucfure). Lef tt : X xU(m) —> X 
be fhe producf principal l[J(m)-bundle over an involufive space (X,t) which verifies condifions (H.l) 
- (H.3). As already discussed in Example 12.51 each map 7 : X —> U(m) which verifies fhe equivari¬ 
ance condifion J{t{x)) ■ J{x) - 1 endows fhe producf bundle wifh fhe “Real” sfrucfure 0 : {x, u) 
(t(x), J{x)-u). Similarly, if one replaces m wifh 2m, one can endow fhe producf bundle wifh a “Quafer- 
nionic” sfrucfure 0 : (x, u) i-^ (t(x), J{x)-u-Q) provided fhaf fhe map J : X ^ V{2m) verifies fhe equiv¬ 
ariance condifion J{t{x)) ■ J{x) = -1. By exploiting fhe producf sfrucfure of X x 1 [J(/m) one can fry fo 
describe fhe equivarianf connecfions wifh fhe help of fhe Maurer-Cartan l-form 9 e Lll^^fU(m), u(m)) 
given by • du for all u € l[J(2m). The pull-back cuflat under fhe nafural projecfion 

pr 2 : X X l[J(m) ^ X defines a connection 1-form tuflat € ?I(X x l[J(m)) called canonical flat connec¬ 
tion (cf. Appendix iBl). Moreover, fhe inclusion i : X ^ X x V{m) given by i{x) = (x, 1) provides 
fhe pull-back i* : Q^(X x l[J(m), u(m)) ^ f2'(X,u(m)) which is well known fo resfricf fo a one-fo- 
one correspondence 3I(X x l[J(m)) - Q^(X, u{m)) on fhe connection 1-forms. In order fo explain fhis 
correspondence we observe fhaf from each Ji € n‘(X, u(«i)) one can define (poinfwise) an elemenf 
2^ € n^(X X l[J(m), u(m)) by means of fhe formula 

'■= Ad(M“') o ■ (^2T{x ° ^*) ■ u ■ 

By consfrucfion vanishes on vertical vecfors and verifies fhe fransformafion rule (R„)*J^ = Ad(u“*)o 
hence 

^ + mflat (2.5) 

resulfs fo be a connection 1-forms on X x l[J(m) since if verifies properties (a’) and (b’) of Proposition 
IB.11 Moreover, pr 2 o j(x) = 1 and n o i{x) = x for all x e X imply = Jl. In view of Lemma 

12.81 fhe 1-form @*a)^ in fhe “Real” case or fhe 1-form 0*cr(a>j^) in fhe “Quafernionic” case are sfill 
connecfions and so fhere exisfs a unique € Q^(X, u(m)) associafed fo fhem by P. A sfandard (buf 
fedious) calculation shows fhaf 


_ I (“Real” case) 

\ ■ J + J~^ dJ) (“Quafernionic” case) . 

Evidenfly, fhe connection 1-form a>(^) associated fo fhe averaged 1-form {2fl) := + by means 

of (12.51 ) furns ouf fo be equivarianf in fhe sense of Definition 12.91 In particular if one sfarf wifh J?1 = 0 
(which produces via (12.51) fhe flaf connection tUfiat) one ends, after averaging, wifh fhe fwo special 
forms 

1 j J-' dJ (“Real” case) 

° 2 I cr(7“^ d7) (“Quafernionic” case) . 
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This form defines through the eonstruction (12.51) a special connection on the product bundle X x 
ILJ(m) which is equivariant with respect to the 0 structure induced by the map 7 : X —> l[J(m). 

We point out that the construction here discussed has a quite general validity in low dimension. 
In effect if the dimension of the manifold X does not exceed 3 and if Z(l)) = 0 (see Section 

13.11 and references therein) then all “Real” or “Quaternionic” principal bundles over (X, r) are, up 
to isomorphisms, of the form described in this example. This fact can be proved by applying the 
equivalence of categories stated in Corollarv l2.7l to the general construction described in IIDG21 Section 
4.2]. ◄ 

2.3. Time-reversal equivariant connections on vector bundles. Connections on principal bundles 
define covariant derivatives on vector bundles (cf. Appendix iBl). Thus, it is not surprising that a similar 
correspondence extends also to the “Real” or “Quaternionic” categories. 

Let us consider a vector bundle S' over the involutive space (X, r) endowed with an 91 or Q-structure 
&: S ^ S. In order to define connections on vector bundles one needs the spaces 

Qt{X,S) := r((f (8) C*^(X)) =; T{S) (8)nO{X) (2.6) 

of ^-forms on X with values in the vector bundle S. The second tensor product in (12.61) has to be 
understood as the a product of modules over the ring n®(X) of smooth functions on X. This also 
implies that n®(X, S) = T(S). According to Definition IB. lOl a vector bundle connection V on S —> X 
is a differential operator 

V : Y{S) a\X,S) (2.7) 

which verifies the Leibniz rule (IB.151) . We use the symbol 'il{S) for the space of vector bundle con¬ 
nections on S. The ©-structure on S defines an involution tq : T{S) Y{S) on the space of sections 
given by 0 o 5 o r for all 5 € T{S) (see HDGll Section 4.3] for the “Real” case and IIDG21 

Section 2.2] for the “Quaternionic” case). This extends to an involution (still denoted with the same 
symbol) tq : n^(X, S) Yl^{X, S) in each degree k by 

T0((^) := &o(l>oT, (l>en\x,S). (2.8) 

In particular, on elementary tensor products one has 

tq{s 8 ) e) = (0 o s o t) 8 (t*£) , 5 € r(S) , e € Q^(X) . 

Definition 2.16 (“Real” and “Quaternionic” equivariant vector bundle connections). Let (X, r) be an 
involutive space that verifies conditions (H.l) - (H.3) and S ^ X a smooth vector bundle over X 
endowed with a “Real” or “Quaternionic” structure @ : S ^ S. Wfe say that a vector bundle 
connection V : r(S) —> Ll^{X,S) is equivaiiant if 

V O T@ = T0 o V. 

where tq : Q.^{X, S) —> n^(X, S), k - 0,1 is the involution defined by (12.81) . 

We will use consistently the symbols %}{{S) and 91 q((^) for the sets of equivariant vector bundle con¬ 
nections on “Real” or “Quaternionic” vector bundles, respectively. We notice that the notion of equi¬ 
variant connection as in Definition 12.161 is not new in the literature. For instance a similar (but less 
general) notion is already present in BFML 

There is a one-to-one correspondence between connection 1-forms a> (also called linear connec¬ 
tions) on the frame bundle n : ,^{S) —> X and vector bundle connections V on the underlying vector 
bundle S ^ X (see Appendix |B]). In particular, this correspondence is made explicit by using local 
trivializations and local sections as shown in Proposition IB. 121 A similar result extends also to the 
“Real” or “Quaternionic” categories. 

Theorem 2.17. Let (X, t) be an involutive space that verifies conditions (H.l) - (H.3} and S ^ X a 
smooth vector bundle over X endowed with a “Real” or “Quaternionic” structure & : S ^ S. Let 
n : ^(S) X be the related frame bundle and 0 : .^(S) —> 1^(S) the equivariant structure induced 
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by @ (cf. Proposition 12.41 ). There is a one-to-one correspondence between 0-equivariant vector bundle 
connections V on the vector bundle S and 0-equivariant connection 1-forms oj on the frame bundle 
namely ^ where the subscript X stands for both the “Real” structure 9? and 

the“Quaternionic” structure Q. 

proof (sketch of). The simplest way to prove this theorem is to use the local equivalence stated in 
Proposition IB. 121 Let {\la,fa} be a system of local trivializations for the vector bundle S ^ X and 
Wp.a) the related transition functions (which are the same as the associated frame bundle {(§)). We 
know that these trivializations can be chosen to be equivariant (cf. Remark 1231) and, in particular, one 
has tCUq,) = Ua- For each (smooth) section s € T{S) we define the family of (smooth) local 
sections : Uq, —> C'" of the product bundle Uq. x C"‘ defined by fhe relafions /„ o s{x) - (x, s^ix)). 
These secfions obey fhe condifion sp{x) = <pp,a{tc)-Saix) for all x € XLaiXlip. Moreover, fhe equivariance 
of fhe frivializing funclions fa ° Q = &o ° fa (here 0o is fhe frivial 9? or Q sfrucfure on fhe producf 
bundle 'Uq, x C ”0 implies fhaf fhe Iransformed section r^is) defines a relafed family of (smoofh) local 
secfions {T 0 Q(i'Q,)) defined, as usual, by T^^isa) 0 o o -Sq, o t. 

Lef CO € 9I(^(J’)) be a connection 1-form for fhe frame bundle and V e 9t((f) fhe relafed vector 
bundle connection on S’. If Jla € u(m)) are fhe local 1-forms which define co (according to 

Theorem IB .41) one has from Proposifion IB . 1 21 fhaf fhe covarianf derivative V( 5 ) € n^(X, (f) is uniquely 
defermined by fhe family of 1 -forms X{sa) € O^CIIq,, C'”) given by 

^i^a) •“ -)- l^a ■ ■ 

Lef us assume fhaf fhe connection 1-form co is equivarianf in fhe sense of Definition 12.91 This implies, 
by Theorem l2. 131 fhaf Jla € nj('Lt„, u(m)) and a slraighlforward calculation shows fhaf Jia ■ TQ^iSa) = 
TQoil^a ■ ^a)- We poinf ouf fhaf in fhe lasf equably we have lacilly extended fhe map from 
D°('Lt„, C"*) to D,'‘{Ua, C"*) as in fhe case of equation (12.81) . Since fhe relation d(T 0 (,( 5 Q,)) = T 0 (,(d 5 Q.) 
can be easily verified, one obfains fhaf V(t 0 q( 5 q,)) = T 0 (,(V( 5 „)) which implies fhe equivariance of V 
in fhe sense of Definifion l2. 161 

Conversely, if V is an equivarianf vector bundle connecfion in fhe sense of Definition 12.161 fhen 
similar consideralions imply fhaf Jia € Q.^(U.a,u(m)), namely fhe equivariance of fhe connecfion 1 - 
form CO in fhe sense of Definifion l2.9l ■ 

2.4. Grassmann-Berry connection and equivariance condition. In this section we focus on the 
special situation of vector bundles (or principal bundles) which arise from a topological quantum 
system with an isolated family of m energy bands as described in Definition 11.11 In this case the 
spectral calculus leads to a (smooth) projection valued map X B x P{x) c Mat/v(C) such that 
Tr(P(x)) = m for all x e X and N m. We already mentioned in the introduction that the Serre-Swan 
Theorem associates to the map x i-> P{x) a (smooth) rank m complex vector bundle S ^ X endowed 
with a Hermitian structure (that is usually called Bloch-bundle). The relevant fact here is that the map 
X i-> P{x) also provides a nice recipe to build a special connection, the Grassmann-(Bott-Chern)-Berry 
connection which is very useful in applications (cf. IICJl Section 2.1.3]). 

The Bloch-bundle S ^ X can be seen (by construction) as a subbundle of the trivial “ambient” 
bundle X x —> X by projecting in each fiber on the range of P{x). In particular this leads to the 

natural inclusion i : T{S) r(X x C^) and to the restriction map P : r(X x C^) —> r{S) defined 
pointwise by s{x) (P o s){x) := P{x) ■ s{x) for all s € r(X x C^). Moreover, the restriction map 
P extends analogously also to the spaces (12.61) giving maps P : Tl^fX, X x C^) —> 0!^{X, S). The 
Grassmann-Berry connection Vgb is, by definition, the compression of the flat connection (exterior 
derivative) d on the trivial vector bundle X x with the maps i and P. More precisely Vgb is defined 
by the following sequence 

r{S) -U r(Xxc^) -i q‘(x,xxc^) 4 d.\x,S) 
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which justifies the use of the notation Vgb = o d. The vector bundle connection Vqb turns out to be 
compatible with the Hermitian structure of S, meaning that 

<Vgb(5'i);5'2>;c + <5'l; VGBfe));^ = d<5'i;5'2>x, V , ^2 € r((f) , VyCX. 


This follows since the map x ^ P{x) is pointwise self-adjoint P{x) - P{x)* and P{s) ■ s{x) - s{x) if 
5 € r(^). 


Let {IIq.) be an open cover of X and for each let , lAm^) be a (smooth) orthonormal 

frame which trivializes This means that the map x i-> P{x) takes locally the form (using the 

Dirac notation) 


= Xi . X^Ua . 

r=\ 

Consider now the system of local 1-forms := ^ ^^(Ua, u(m)) whose components are 

given by 

d 




dx 


f=i 


(2.9) 


once a local system of coordinates {x\,..., Xd) for the open neighborhood Ua of the r/-dimensional 
(smooth) manifold X has been chosen. Since - < 5 ^ ^ for all x e Ua one deduces that 

= -(di/r^“b which implies, in particular, that J?l® is an anti-Hermitian valued 

(i. e. a u(m)-valued) 1-form. Moreover, since two frames ..., and [4i^\ ..., 41 %^} are related 

on the overlapping Uq. fTUyj by the relation where {(p/ 3 ,a)r,s are the entries (with 

respect to the given local frames) of the system of transition functions ipp^a : Uq, n Uyg — > l[J(m), one 
can easily show that the local 1-forms transform according to the relation (IB.81) . This means that 
the collection {J?l®) defines a unique connection on the Bloch-bundle S (cf. Proposition |B?T^ . We 
will show that this connection is exactly the Grassmann-Berry connection Vgb- 


Each s e r(ff) can be locally expanded as 

m 

Sa{x) := 5'|u,(.^) ^ ^ > X £ Ua ■ 

r=l 

where the (smooth) functions s^^\x) \= s)x are defined by the fiberwise Hermitian product. The 
Leibniz’s rule provides 

m m 

d5„(x) ^ ^ (d4“\v)) \4j^r\x)) + ^ s^r\x) |dtA^"\x)> 

;=I r=I 


where |di/^^“\x)) := Yfi=i \dxe4^T’{^)) dx'^- The definition of Vgb and a simple calculation provide 




Vgb(-Sq-)(x) = P(x)-d5„(x) = ^ d4"^(x) -F 4“^(x) \4r^“\x)) 


r=l 


k=l 


Finally a comparison with the (12.91 ) shows that Vgb acts on the local components {s ^^\..., of 
the section Sa by means of the 1-forms J?l™ as described in Proposition IB. 121 This proves that the 
Grassmann-Berry connection Vgb is uniquely defined by the family {^a^} c n^CUo-, u(ni)). 


Remark 2.18. The vector bundle connection Vgb specifies, and is specified by, a unique connection 
1-form cugb on the principal frame bundle —> X associated with S' (cf. Proposition lBT2l) . In 

particular oigb can be reconstructed from the family of local 1-forms {Jla^} (cf. Theorem lB.4l) . In order 
to understand the geometric content of the connection cugb it is important to compute the horizontal 
distribution ^(S) 3 p Pip <z .(^(S)\p associated with ojgb by the relation Hp = Ker(a;GBp) 
(cf. Proposition IB.II) . We observe that the choice of a local frame ..., ever Ua defines a 
canonical local section exa : X ^ ^('^)lix„ ^ Uq, x ILJ(ni) and the local relation = cr*mGB 
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holds over This means that the horizontal space is determined by the pushforward cr^^v of 

tangent vectors v € T^X such that = 0. The remaining horizontal spaces Hp for p e 7 r^^(x) 

can be computed from Hcr^(x) via the right action of the structure group U(m) (cf. Appendix [B]). Said 
differently, a path : [ 0 , 1 ] ^ such that = 0 has a horizontal lift which is simply given 

by Tq. a-„ oy„. <4 

Now we want to consider the case in which the projection P{x) is subjected to an even or odd time- 
reversal symmetry of type (11.31) . As discussed in Example l2.5l we can assume that this symmetry acts at 
level of the trivial ambient bundle A x by 0 : {x, v) = (t(x), J{x) ■ v) and restrict to the subbundle S' 
since the constraint P{t{x))-J{x) - J{x)-P{x) implies Po0 = 0oP. This also implies that Pot© = t©oP 
where the map r© is described by (12.81) . Each section s e T{S) is a map s : x (x, v(x)) subjected to 
the constraint P(x)v(x) = v(x). The transformed section is t©( 5 )(x) = {x, J{t{x)) v(t(x))) while Vgb 
acts as Vgb(‘ 5 ')(x) = (x,P{x) dv(x)). By using these definitions a straightforward calculation shows 

that _ 

Vgb o t© - t© o Vgb = P • d(7 o r) ^ + P • d7* 
where the last equality is a consequence of the constraint Jot - ±J* {cf. equation (11.31) ) and the sign 
± depends on the parity of the structure 0. Then, we have proved that: 

Proposition 2.19. Let S X be a rank m “Real” or “Quatemonic” vector bundle over {X,t) as¬ 
sociated to a projection valued map x i—> P{x) subjected to the constraints (Pot)-/ = / • P and 
Jot - ±J*. The associated Grassmann-Berry connection Vgb A invariant (in the sense of Definition 
12.761) if and only if P ■ dJ* - 0. 

In many physical situations of interest the unitary-valued map x i-^ J{x) = Jq takes a constant value 
and consequently the Grassmann-Berry connection turns out to be invariant. 

2.5. Time-reversal equivariant Holonomy. The aim of this subsection is to summarize a few basic 
properties of the parallel transport with respect to a time-reversal equivariant connections. We refer to 
Appendix IbI for a review of the most important notions concerning parallel transport and holonomy. 

Eet n : ^ ^ X a. principal l[J(m)-bundle endowed with the connection tu € u(m)) and for 

each (piecewise smooth) curve y : [ 0 , 1 ] —> A let PTy : ^y(O) —> ^fii) be the parallel transport along 
y with respect to o). We recall the notation := n~^{y{t)) for the fibers of along the path y. We 
recall also the transformation property of the parallel transport PTy o P„ = P„ o PTy which is valid for 
every u € \]{m). Moreover, if yi • y 2 is the concatenation of paths and y“^ is the reversed path one has 
PTyi.yj - PTyj o PTyi and PT^-i = PTr'. 

Now, we assume that 73^ has a time-reversal structure 0 and m is a time-reversal equivariant con¬ 
nection. Eor a given path y : [0,1] ^ A on the involutive space (A, t) let T(y) : [0,1] —> A be the new 
path defined pointwise by T(y)(f) T{y{t)). 

Proposition 2.20. Let {fX*, 0) he a principal bundle with time-reversal structure on the involutive 
manifold (A, t). The parallel transport associated with an equivariant connection co on fX verifies 

PTr(y) 0 0 = 0 0 PTy 

for each path y : [0,1] ^ A. 

Proof Eet po £ ^y{0) be a fixed point and y : [0,1] ^ 7^ the unique horizontal lift (with respect to 
oS) of y such that y(0) = po (cf. Theorem IB.71) . By exploiting the equivariance of co one shows that 
y© 0 o y is the unique horizontal lift of T(y) such that y©(0) = 0(po). In other words one has 
PTr(y)(0(po)) - y 0 (l) - 0(y(I)) = 0(PTy(po)). The result follows by observing that the last relation 
holds for all po e =^y( 0 )- ■ 

Now, let y : [0,1] —> A be a loop, i. e. y(0) = xq = y(l)- Clearly the parallel transport defines a 
map PTy : tXxo fX^x^ of the fiber at xq into itself. Therefore, since the structure group fj{m) acts 
transitively on the fibers, we can define a map holy : tXxi^ G{m) such that holy(p) = n is the element 
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in the group which gives PTy(p) = Ruip) - p ■ u. We refer to holy as the holonomy map associated to 
the loop y. It follows that 

holj; o • holy ■ u , V M € l[J(m) . 

In the case of a principal bundle with a time-reversal structure we have the following immediate con¬ 
sequence of Proposition 12.201 

Corollary 2.21. Let 0) be a principal bundle with time-reversal structure on the involutive man¬ 
ifold (X,t). Assume that ^ in endowed with an equivariant connection and consider the related 
parallel transport and holonomy maps. For each loop y : [0,1] —> X such that y(0) = xq = y(l) and 
each point p € holds that: 

ho4(^)(0(p)) = holy(p) (“Real” case) 

holT-(^)(0(p)) = -Q ■ holy(p) • Q (“Quaternionic” case) . 

Proof. By definition PT^(y)(0(p)) = 0(p) • holr(y)(0(p))- As a consequence of Proposition 12.201 one 
has that 

PT,(y)(0(p)) = 0(PTy(p)) - @{P ■ hol^(p)) . 

The result follows from the property (^) for the “Real” case or from the property (Q) for the “Quater¬ 
nionic” case as given in Definition 12.21 ■ 

In the paiticular case that: (i) y : [0,1] ^ A’’ in a loop in the fixed point set of the involutive space 
(A, t); (ii) p e is a fixed point of 0, namely 0(p) = p one deduces from Corollary 12.21 I that 
hol^(p) € 0(ni) c HJOm) (“Real” case) 

hol^(p) € ILJ(2m)°^ c T){lm) (“Quaternionic” case) 

where 0(m) is the orthogonal group and lU(2m)°’ is the invariant subgroup with respect to the action 
u i-> (t{u) = -Q -u Q. We recall that l[J(2ni)°’ c SV{2m) and l[J(2ni)°’ - Sp{m) (cf. IIDG21 Remark 
2.1]). 


2.6. Curvature of a time-reversal equivariant connections. This section is devoted to the study of 
the transformation properties of the curvature associated to a time-reversal equivariant connection 
a> by the structural equation 

F/jj := dm -F - [m A m] . 


Proposition 2.22 (Equivariant curvature). Let (A, r) be an involutive space that verifies conditions 
(H.l) - (H.3) and n : ^ ^ X a smooth principal L]{m)-bundle over X endowed with a “Real” (resp. 
“Quaternionic”) structure & : ^ Let co € %){(^) (resp. co € ^£i(^)) be an equivariant 

connection 1-form and F^j e D(^,u(m)) the related curvature. Then 

0*f[j = Foj (“Real” case) 

( 2 . 10 ) 


0V(f^) = f. 


(“Quaternionic” case) 


Proof. Clearly cr(dm) = d(cr(m)) and cr([m A m]) = [cr{oS) A cr(m)]. This shows that (t{F^) = Fcr{cj)- 
Similarly one has F^^ = Fjj. Since the pullback is compatible with the exterior derivative and the wedge 
product, one has 0*(dm) = d(0*m) and 0*[m A m] = [0*m A 0*m] which implies @*cr(F^) = 

and similarly Q*Fcj - F^,-. The equivariance of co concludes the proof. ■ 

Let {fa ^ 9)1 be the collection of local 2-forms which describe the curvature F^ in the sense 

of Theorem 1C.21 When co is equivariant the local forms {lAa e Q^(Ua, g)) verify the conditions (12.31) . 
In this case the same argument as in the proof of Proposition l2.22l t)rovides 

= fa (“Real” case) 

T*cr(fa) = fa (“Quaternionic” case) . 


( 2 . 11 ) 
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Remark 2.23 (Equivariance of the Grassmann-Berry curvature). The notion of equivariant curvature 
can be formulated also at level of vector bundles. Let V : T{S’) —> be a vector bundle 

connection and := V o V : r{S’) —> S’) the associated curvature (cf. equation (IB.17I) ). The 

equivariance of V, which in accordance with Definition |2T6] is expressed by V o t© = t© o V, implies 
immediately a similar relation for the curvature o t© = tq o F'^ . Thus, equivariant vector bundle 
connections induce equivariant vector bundle curvatures. 

This conclusion applies also to the Grassmann-Berry curvature. This is the curvature associated to 
the Grassmann-Berry connection Vgb = F o d described in Section IT4l The curvature of Vqb is the 
element Fgb £ End((f)) defined by fhe formula (IB.171) . i. e. 

Fgb - Vgb ° Vgb - P(dPAdP)P = PdPAdP (2.12) 

where fhe lasf equalify follows from dP P = (1 - P)dP (for defails abouf fhe derivation of (12.121) see 

flH Section 12.5]). As for fhe connection Vgb> the equivariance of fhe curvafure Fgb is guaranfeed 
by fhe condifion in Proposition 12.191 ◄ 

3. Differential geometric classification of “Real” vector bundles 

3.1. A short reminder of the equivariant Borel cohomology. The proper cohomology theory for 
the analysis of vector bundle theories in the category of spaces with involution is the equivariant 
cohomolgy introduced by A. Borel in BBoH . This cohomology provides the right tool for the topological 
classification of “Real” vector bundles BDGIH . A short self-consistent summary of this cohomology 
theory can be found in BDGll Section 5.1]. For a more complete introduction to the subject we refer 
to IIHsl Chapter 3] and MAPI Chapter 1]. 

Since we need this tool we briefly recall the main steps of the Borel construction for the equivariant 
cohomology. The homotopy quotient of an involutive space {X, r) is the orbit space 

iVxS“/(TxP) . (3.1) 

Here P is the antipodal map on the infinite sphere S°° (cf. BDGll Example 4.1]) and is used as 
short notation for the pair (S“, P). The product space A x (forgetting for a moment the Z 2 -action) 
has the same homotopy type of A since S“ is contractible. Moreover, since P is a free involution, 
also the composed involution t x P is free, independently of t. Let F. be any commutative ring (e. g ., 
K., Z, Z 2 ,...). The equivariant cohomology ring of (A, t) with coefficients in F. is defined by 

//•^(A,7?) H\X^r,n). 

More precisely, each equivariant cohomology group Fli^J^X,K) is given by the singular cohomology 
group Hj{X.^T-, P) of the homotopy quotient A.^^ with coefficients in K and the ring structure is given, as 
usual, by the cup product. As the coefficients of the usual singular cohomology are generalized to local 
coefficients (see e.g. BHatl Section 3.H] or BDKI Section 5]), the coefficients of the Borel equivariant 
cohomology are also generalized to local coefficients. Given an involutive space (A, r) let us consider 
the homotopy group ni(X.^r) and the associated group ring Z[7ri(A.^7)]. Each module iZ over the group 
Z[7ri(A.^7-)] is, by definition, a local system on A.^,-. Using this local system one defines, as usual, the 
equivariant cohomology with local coefficients in Z'- 

//•^(A,Z) := H\X^r,Z). 

We are particularly interested in modules Z whose underlying groups are identifiable with Z or R. For 
each involutive space (A, r), there always exists a particular family of local systems Z(m) and R(m) 
labelled by m € Z. Here Z(ni) - A x Z and R(m) - A x R denote the Z 2 -equivariant local system 
on (A, r) made equivariant by the Z 2 -action {x,l) 1-^ (t(x), (-1)"T). Because the module structure 
depends only on the parity of m, we consider only the Z 2 -modules Z(0) and Z(l) and similarly R(0) 
and R(l). Since Z(0) and R(0) correspond to the case of the trivial action of 7ri(A.^T) on Z one has 
f/|^(A,Z(0)) //|^(A,Z) and f/|^(A,R(0)) H^^{X,R) iDKl Section 5.2]. 
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We recall the two important group isomorphisms 

//^^(X,Z(1)) - [WU(l)]z 2 , //|^(Z,Z(1)) - Vec‘,(X,T) (3.2) 

involving the first two equivariant cohomology groups. The first isomorphism BGol Proposition A. 2] 
says that the first equivariant cohomology group is isomorphic to the set of Z 2 -homotopy classes of 
equivariant maps ^ : A ^ ILJ(l) where the involution on 11(1) is induced by the complex conjugation, 
i. e.ip(T{x)) - ifiix). The second isomorphism is due to B. Kahn BKahl and expresses the equivalence 
between the Picard group of “Real” line bundles (in the sense of HAtlllDGTTl i over (X, t) and the second 
equivariant cohomology group of this space. A more modern proof of this result can be found in BGol 
Corollary A. 5]. 

The equivariant cohomology with coefficients in R.(l) admits a nice interpretation. On an involutive 
space (A, r) the singular cohomology H^{X, R) has a natural splitting given by two subgroups 

h\{X,W) ■- {a € h\x,W) I T*{a) = +a} 

//^(A,R) {a € h\x,W) \ T{a) = -a) . 

Proposition 3.1. For a/Z ^ € N U (0) the following isomorphisms hold: 

//^^(A,R(0)) - HliX,R), //|^(A,R(1)) - h’1{X,W) . 

These isomorphisms extend to all other groups FI^JfC,R(ni)) by means of the the recurrence relation 
//^^(A,R(m)) = H^^{X,R(m + 2)). 

Proof The isomorphism (ID. 121) and Lemma I d 3] imply 

Hl^{X,R{nD) - //°„^p(Z2,//''(A,R(m))) (a e//^(A,R) | T*(a) - (-l)"^a) . 


This result has an immediate consequence. Let (n*,d) be the complex of the differential forms on A. 
The associated cohomology //*j^(A) //*(0*(A),d) is called de Rham cohomology and, under very 

broad conditions for the base space A (certainly covered by (H.l) - (H.3)), the celebrated de Rham 
Theorem HBTl Chapter II, Theorem 8.9] asserts that 


Let us consider the two subcomplex (G* (A), d) given by 


TliiX) := {m€G*(A) 


T 0) = ±OJ 


and the associated cohomologies 


^d.R,±W :=^*(n:(A),d) 

Then the de Rham isomorphism implies that 

hLJX) - //^(A,R) (3.3) 

and as a consequence of Proposition 13 .1 1 we have that: 


Corollary 3.2 (Equivariant de Rham isomorphism). Let (A, r) a smooth manifold endowed with a 
smooth involution. Then 


^d.R,+W - <(2f,R(0)), KkAX) - //|^(A,E(1)). 


The next result allows us to compute H^{X, R(ni)) from the knowledge of H^^iX, Z(m)). 
Proposition 3.3. For aZZ k € N U {0} and m € Z the following isomorphisms hold: 

//|^(A,R(m)) //|^(A,Z(m)) ®z R 

where denotes the tensor product of abelian groups. 


(3.4) 
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Proof. The isomorphisms ~ H^^{X,*R{m + 2)), with ’P - Z,R allow us to consider only 

the cases m = 0 and m = 1 . 

Let we start with the case m = 0. In this case the claim reduces to the proof of the isomorphism 

^ H^(Y,Z) ®z R (3.5) 

for a given space Y. Indeed, since the Borel equivariant cohomology (with coefficients) is the sin¬ 
gular cohomology of the homotopy quotient X.^t- (with coefficients) the proof of (13.41) when m = 0 
follows from (13.51) when Y = X.^t- The isomorphism (13.51) follows from an application of the universal 
coefficient theorem HHatl Chapter 3,Theorem 3.2] which provides 

H'^iYR) - Homz(//^(F),R) 

since nR = R for each n € Z (i. e. R is a divisible abelian group) and so the Ext group vanishes. The 
splitting HjfY) = F/fY) 0 TjfY) in free part F/fY) ~ ZP^^^ (the non-negative integer ffik) is called Betti 
number) and torsion part T]fY) = ^ jZp. implies that 

H^{Y,R) ^ Homz(E^(T),R) © Homz(ri(T),R) ^ R^® (3.6) 

where the natural isomorphisms Homz(Z”,R) - R" and Homz(Zp,R) - 0 have been used. Now, as a 
consequence of the isomorphism F[^{Y,Z) ^ Fk{Y) © Tk-\{Y) BHatl Chapter 3,Corollary 3.3] one has 
that 

h\y,Z) ®z R - (Ti(T)®z R) © (Ti-i(F)®z R) - R^^^^ 

and a comparison with (13.61) immediately proves (13.5b . 

Since the universal coefficient theorem holds also for the relative cohomology of a pair of spaces 
/ c F we obtain with the same proof the generalization of (13.5b 

//^(F|/,R) h\y\I,Z) ®z R (3.7) 

where FI^{Y\I, K) is the ^-th group of the relative cohomology of the pair / c F with coefficients in P. 

The proof of the case m = 1 can be reduced to the case m = 0 by applying the Thom isomorphism 
in the form of BGol Proposition 2.5]. Let I = ([-1,1], i) be the involutive space given by the interval 
[-1,1] and the involution i : t ^ -t. One can think of 1 as the unit disk bundle of the Z 2 -equivariant 
line bundle tt : XxR ^ X with involution {x, t) i-a (r(x), i{t)). The Thom isomorphism in cohomology 
applied to this line bundle gives 

^R(l)) - ((X X I)\{X X dl), nm) , - Z, R . 

Therefore, one has 

//^^(X,R(1)) =; //^+^((Xx/)|(Xx5/),R(0)) (Thom isomorphism) 

h’^^\{X X I)\{X X dl), Z(0)) ®z R (case m = 0 and (ITtT) ) 

7/2 (X, Z(l)) (Sz R (Thom isomorphism) 


as expected. 


Remark 3.4. Proposition 13.31 has an important consequence: in the passage from H^^{X,Z{m)) to 
//|^(X, R(m)) all the information contained in the torsion of Z{ni)) is lost. This fact is not trivial 

since the groups H^^(X,Z(m)) for spaces with fixed points, like = (S‘^,t) or = (T'^,t) (see 
Section d]), automatically have a non-trivial torsion. ◄ 
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3.2. “Real” Chern classes: topological point of view. The theory of characteristic classes for 91- 
vector bundles is formulated in UKahl IPSI . According to BDGll Theorem 4.13], the involutive 
space (G„j(C“),p) classifies Vec^(A, r). Here p acts as the complex conjugation in each ni-plane 
contained in G,n{C°°) (see HDGll Example 4.4] for more details). To each involutive space {X,t) we 
can associate the graded cohomology ring 

- //^^(X,Z(0)) © //^^(X,Z(1)) (3.8) 

where the ring structure is given by the cup product. Equation (13.81) . restricted to a single point {*) 
provides a ring 

A:-,54({*)) - //•(RP“,Z) © //•(RP“,Z(1)) ^ Z[a]/(2a) (3.9) 

where a corresponds to the additive generator of //'(]RP“,Z(1)) = Z 2 and it is subject to the only 
relation 2a = 0 UGol Proposition 2.4]. Moreover, agrees with the generator k € //^(RP°°,Z) and 
this justifies fhe more suggesfive nofafion a = already used in UGoL The ring A is crucial in fhe 
description of g), in facl one has UKahl Theoreme 3] 

nGm{Cn,g) = A[c'f,...,cg = z[a,c'f,...,c*]/(2a) (3.10) 

where e H^^{G,n{C°°),'L{j)) is called k-th universal “Real” Chern class. The cohomology ring 
J?l(Gm(C“), g) is fhe polynomial algebra over fhe ring A on m generators c*,..., c* and a comparison 
wifh equafion (1C.51) shows fhaf equafion (13.101) provides (he equivarianf generalization of fhe cohomol¬ 
ogy ring H*{Gm{C°°), Z) generafed by (he usual Chern classes. In effecf, (he process of forgetting fhe 
“Real” sfrucfure of (he pair (Gm(C“),p) defines a canonical homomorphism j : 

H*{Gm{C‘^), Z) such fhaf j{cf) = c,(. for all A: = 1,..., m. 

The universal ring Jl{G,„iC°°), g) and (he homofopy classification BDGll Theorem 4.13] allow us (0 
define equivarianf Chern classes for each elemenf in Vec^’(A, r). Eel (S’, 0) be an 9?-bundle over (X, t) 
classified by (he equivarianf map ip € [X, G„j(C°°)]eq, then the k-th topological “Real” Chern class of 
S is by definition 

cf(^) := /(cf) e Hf^{X,Z{k)) ^-1,2,3,... 

where ip* : H^^{G,n(C°°),Z(i)) H!^{X,Z{j)) is the homomorphism of cohomology groups in¬ 

duced by ip. “Real” Chern classes (or 91-Chern classes in short) verify all the Hirzebruch axioms 
of Chern classes (up to a change in the normalization) and are uniquely specified by these axioms 
BKahl Theoreme 2] or BPSl Theorem 4.2]. An important property is that c^{S) = 0 for all k > mif S’ 
has rank m. Einally, under the map j : VecJJ^(X, r) —> Vec^(X) that forgets the “Real” structure one has 
the identification jcf{S) - Ck(j(S)). 

The notion of topological “Real” Chern classes extends automatically also to “Real” principal bun¬ 
dles through the isomorphism 

‘°PVec™(X,T) 

in Proposition 12.41 More precisely one sets 

cf{S) = cf{t^) 

if (tip, 0) is the 9?-principal bundle associated to the 91-bundle {S, 0), and vice versa. 

3.3. “Real” Chern-Weil theory. Eet {£P, 0) be a “Real” l[J(m)-bundle over the involutive space 

(X, r). Given a connection 1-form a> € C'(i^,u(m)) we can associate to tiP differential Chern classes 
Ck{tP) € (X) by the prescription cff^P) cw{^P, Cu) where Ck is the Ad-invariant homogeneous 

polynomial of degree k given by 
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and F^^ € u(ni)) is the curvature associated to to. We refer to Appendix 0 for more details. 

In the case of an equivariant connection co in the sense of Definition I2.91 also the differential Chern 
classes inherit a proper symmetry under the involution t. 


Lemma 3.5. Let 0) be a “Real” \i{m)-bundle over the involutive space {X, t) and co € a 

“Real” connection. Then 


cf{^) € 


pd.R..+W 


if k is even 
if k is odd 


(3.11) 


where denotes the differential k-th Chem class computed with respect to a “Real” connection. 


Proof. The equivariance of the connection 0*a> = co implies the equivariance of the curvature 0*F^^ = 
as proved in Proposition 12.221 Since takes value in the Lie algebra \\{m) ofmxm anti-hermitian 
matrices one has 

del(r» - = det((l + = (-irdet(-(l - 

which implies Ck{Fa, A ... A F^f) = (-!)* Ck{Fcj A ... A F,f). Then 

Ck{Fcj A ... A Fcf) ^ CkiF^,- A ... A Fq.-) ^ Q*Ck{F^ A...aF^) 

which provides 

0*Q(F^ A... A FJ = (-1)^ Ck{F^ A... A FJ. 

As explained in Appendix O Ck{F^ A ... aF^^) € is horizontal and invariant (f. e. basic) and it 

defines uniquely a 2k-form Ck{F^A.. .aF^) e Q^^(X) such fhaf n*Ck{F^A.. .aF^) = CifF^A.. .aF^) 
where n : ^ X denotes fhe bundle projection. The equivariance n o 0 - t o n induces fhe equably 

(-l)^(7r*Q(F^A...AF^)) - 0*(;r*Q(F^ A ... A Fj) - ;r*(T*Q(F^ A ... A Fj) 

which implies 

T*Ck(F^ A ... A F^) ^ (-1)^ Ck(F^ A ... A F^) 

since or* esfablishes an isomorphism befween Q^(X) and fhe basic forms on This shows fhaf 

Ck(Foj A ... A Fif) € Ll^^{X) if k is even and CkiF^j A ... A Fif) € Q?f{X) if k is odd. The resulf follows 
observing fhat cf{lf^) is defined as fhe image of CtiF^ A ... A F^) in fhe de Rham cohomology. ■ 


Remark 3.6. Allhough in Ihis section we are mainly interested in the case of “Real” l[J(m)-bundles 
we notice that the proof of Lemma [33] works with minimal modifications also for the “Quaternionic” 
case. Indeed, the important point is that the polynomials Ct are invariant under the transformation 
Fw ^ Q ■ Fcj ■ Q~^ since they are defined Ihrough a delerminanf. In conclusion equalion (13.111) 
describe correclly also fhe case of “Quaternionic” l[J(2m)-bundles ◄ 


Corollary 3.7. Due to the equivariant de Rham isomorphism in Corollarv \3.2\ one has that 

cfiif^) € Hf^{x,m)). 

Just for economy of notation, we decided to identify with the same symbol cf{^) both the differential 
Chern class as element of the graded de Rham cohomology ^(A) and its isomorphic image in the 
equivariant cohomology Fl^fX, lR(k)), hoping that this will not create confusion to the reader. 

Theorem 3.8 (“Real” Chern-Weil homomorphism). Let 0) he a “Real” V{m)-bundle over the 
involutive space (A, t) with a “Real” connection co € 31j;(^) and related Chern classes cf(^). Let 

j j 

//|^(A,Z(k)) ^ //i,(A,R(k)) 
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be the homomorphism induced by the inclusion Z{k) R(^). Then 

>-Z2 , (3.12) 

namely the image under rzj of the topological “Real” Chem classes agree with the differential Chem 
classes computed with respect to a “Real” connection. 


Proof. Consider the commutative diagram 






2k r 




H^\x,R) ^ H^\x,: 


(3.13) 


where the vertical maps consist in forgetting the Z 2 -actions and the homomorphism r is induced by 
the inclusion Z R. Let us start with the “universal” case X = GmiC°°) endowed with the involution 
g given by the complex conjugation (see HDGll Example 4.4] for more details). There is no problem 
to think at G,„(C“) as an infinite dimensional smooth manifold and the construction of the differential 
Chern classes applies as well (see e. g. We already know the equivariant cohomology of Gm(C°°) 

given by (13.101) and the ordinary cohomology of G,„(C“) given by (1C.51) . Moreover, we have that 
y(c^) = q. These data together with Proposition 13.31 allow us to conclude that the map is injective. 
Moreover, rz 2 (c*) ^ 0 since the c'^’s are not subjected to any relation and 

''Z2(cr) - JR(r(j(<^f))) ^ Jr ir{ck)) ^ JiHck) ■ 

where q can be also identified with a de Rham class 4 € {G,n(C°°)) 

which provides the differential form of the Chern class. Since all the maps are functorial we arrive at 
equation (13.121) just by considering the pullback with respect to a Z 2 -equivariant map cp : X ^ Gm(C“) 
which classifies the “Real” l[J(m)-bundle 0^. m 


Remark 3.9. In connection to Remark 13.41 we notice that during the mapping (13.121) all the infor¬ 
mation encoded in the torsion part of H^^{X,Z(k)) are lost. This implies, in particular, that also in 
low dimension the differential “Real” Chern classes fail to be good invariants for the classification of 
“Real” l[J(ni)-bundles. We will investigate these aspects in more details in the next section. ◄ 

3.4. Classification of “Real” l[J(l)-principal bundles. Let {X,t) be an involutive space which veri¬ 
fies the assumptions (H.l) - (H.3). The following classification result hols true: 

Prin*(i)(X,T) - Vec,J;(X,T) ~ H^iX,Z{1)) (3.14) 

The first isomorphism follows from Corollary 12.71 while the second isomorphism, given by the first 
(topological) “Real” Chern class has been proved in BKahll (see also BDGll Section 5.2]). The 
question that we want to address in this section is in which way we can apply the geometric differential 
apparatus developed in the previous sections in order to describe the classification of “Real” 11(1)- 
principal bundles or equivalently “Real” line bundles. We start with some examples. 

Example 3.10. Consider the circle endowed with the trivial Z 2 -action (i. e. r(z) = z for all z e S'). 
A simple calculation shows that 

//|^(S',Z(1)) ^ x]^poo^ 2 (i)) =. //'(s',Z(l)) ®z Z 2 Z 2 

where we used the Kiinneth formula for cohomology together with Z(l)) = //^(RP“, Z(l)) = 

0, //'(RP“,Z(1)) = Z 2 and //'(S',Z(1)) //'(S',Z) = Z BUS Lemma 2.15]. This means that 

there are only two (up to isomorphisms) “Real” l[J(l)-principal bundles over S'. We denote with 
= s' X 11(1) the trivial 9?-bundle with trivial “Real” structure ©o : (z, n) { z , u ) and with 
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X 1[J(1) the, Mobius 9?-bundle with no?i-trivial “Real” structure 0 m : {z,u) i-> (z, zu) where 
we have identified S* =; 1U(1) c C. We know from Corollary 12. 141 that both ,^o and admit a 
unique “Real” connection. The construction of these connections follows as in Example 12.151 For 
the trivial bundle one has the trivial (flat) connection mo (pr 2 )*^ where 0 € ^^^^(17(1), u(l)) 
is the Maurer-Cartan 1-form = u~^ ■ du and pr 2 : X x ILJ(m) —> X. In the case of the Mobius 
bundle one has cum ^zdz^^ -i- mo = “5^ ' dz + mo. The curvatures associated to this two 
connections vanish identically: = 0 is a consequence of the fact that mo is a flat connection 

(cf. Proposition 1C.l1 (iilh Fcj^ = 0 follows observing that d(z“' dz) = dz“^ A dz = 0 (just identify 
z = e'*^ with & e z”' dz A z~' dz = 0 and z“' dz A mo -i- mo A z~^ dz = 0. This means 

that the differential “Real” Chem classes and c'|*(,^m)> built from F^^ and F^^ respectively, 

vanish. Since c^{^o) = c'J*(^m) - 0 as elements of //|^(S,R(1)) - 0 we can not use these objects 
to distinguish from T^m- In effect, this is a consequence of the fact that //|^(S^Z(1)) consists 
of torsion only as already discussed in Remark 13.91 However, we can still distinguish from T^m 
by computing the holonomy. Let y : [0,1] ^ S* be the loop given by y{t) := The horizontal 

lift with respect to mo and starting point po = (1,mo) is simply given by y{t) := {y{t),UQ) which 
implies that I)ol“°(po) - 1 e 1U(1) independently of the choice of pQ. In particular this also prove the 
triviality of the holonomy group Holpo(,^o, mo) = U) (independently of po). On the other side the 
horizontal lift of y with respect to mM (and starting point po) has the form y(t) := (fit), g{t)uo) with 

t g(.i) ^ I!J(1) such that g(0) = 1 andg(l) = e^ 2 fo = -1 (cf. equation (IB. 101) '). This proves 

that I)ol““(po) - -1 e 1U(1) and ojm) - ^2 (independently of po). As a final comment, 

let us recall BDGH Proposition 4.5] which provides the identification between the set of equivalence 
classes of “Real” l[J(l)-principal bundles over the trivial involutive space and 0(l)-principal bundles 
overS'. The latter are classified by the (first) Stiefel-Whitney class wi € ~ Z 2 and under the 

map which forget the “Real” structure one has the identification j : cf —> wi between the topological 
“Real” Chern class and the corresponding Stiefel-Whitney class IIKahl Theoreme] or BKral Theorem 
3.2.1]. ◄ 


Example 3.11. Let be the complex projective line endowed with the involution k : CP^ —> CP' 
given on the homogeneous coordinates by x : [z : w] 1 -^ [z : vv]. Under the usual identification 
CP* ^ c given by the stereographic projection 


9 (X0,Xl,X2) 


Xi + iX2 ^ 

_ 

^ Xi- iX2 

\ - Xo 


1 -1- Xq 


€ CP* 


(the equality of the equivalence classes is well defined for xq ±1) one obtains an involutive sphere 
= (S^, k) with involution given by k : (xq, x\,X2) (xq, xi, -X2). The fixed-point set of this action 
in the equatorial circle 

(S^)'^ := {(xo,xi,0)€S} - S* . 

Let us denote with i : S* (S^)'^ c the inclusion of S* in the fixed-point set of S^. The sphere 
is equivariantly isomorphic to the reduced suspension of the involutive circle S* = (S*, r) along the 
invariant direction xq. This fact allows us to use the suspension formula (for the reduced cohomology) 
in the following calculation: 

- ,H^^(S*,Z(1)) - Z. (3.15) 


Here the first isomorphism follows from //|^({*), Z(l)) = 0 the second is due to the suspension iso¬ 
morphism and the third is a consequence of Z(l)) = Z 2 0 Z and Z(l)) = Z 2 (cf. BGoll i. 

We notice that the induced homomorphism i* : H^^{S^,Z{1)) Z —> (S*,Z(1)) - Z 2 (see the 

computation in Example 13. 101) agree with the unique non-trivial homomorphism between Z and Z 2 . 
The computation (13.151 ) and the isomorphism (13.141) imply that there are (up to isomorphisms) exactly 
Z “Real” l[J(l)-principal bundles over S^. These bundles are completely classified by fhe fopologi- 
cal “Real” Chern classes c|*. Moreover, as a consequence of Theorem 13.81 fhe absence of torsion in 




























DIFFERENTIAL GEOMETRIC INVARIANTS FOR TIME-REVERSAL SYMMETRIC BLOCH-BUNDLES 


25 


//|^(S^,Z(1)) also implies that these classes are completely described by the differential “Real” Chern 
classes. Let ^ be a representative of a “Real” l[J(l)-principal bundle over endowed with 
a “Real” connection and (differential) “Real” Chern classes ~ k € Z, with isomorphism 

given by the integration 

r = k. 

JS2 

The inclusion map i provides the restricted “Real” l[J(l)-principal bundle ^®|,(si) —> S* which has 
been classified in Example 13.101 with the help of the holonomy. More precisely, given the loop y : 
[0,1] —> defined by y(t) := one has 

l)olf\po) = e-/s>"^® = ^ (_!)<= ^ (independently of po) ■ 

The above calculation is no more than an application of the Stokes’ theorem to equation (IB. 101) . ◄ 


Example 3.12. Let = (T^.p) be the two dimensional torus endowed with the involution p : 
izi,Z 2 ) ^ (zi,Z 2 )- By using the standard notation used in this paper we can write = S* x 
and the fixed-point set is given by (T^)'' = U Si with S| := x {±1). We observe that can 
be identified with the total space of the “Real” l[J(l)-principal bundle described in Example 

13.101 The Gy sin exact sequence IIGol Corollary 2.11] leads to 

^ //|^(S',Z(1)) © (S^ xRP“,z) Z 2 © Z (3.16) 

where the last isomorphism comes from the computation in Example 13.101 and the Kiinneth formula 
(for cohomology) which gives //‘(S‘ x ]RP“,Z) ^ H\S\Z) //‘’(RR“,Z) Z ®z Z Z. This 
shows that there are non-trivial “Real” l[J(l)-principal bundles over T^. Erom the exact sequence IIGol 
Proposition 2.3] 

... //|^(f2,Z(l)) ^ H^(t\z) ^ Hl^{f\zm ^ Hl^(f\Z{l)) h\t\z) ... 
we can extrapolate that the map that forgets the Z 2 -action j : //|^(T^, Z(l)) —> Z) is surjective. 

In fact from H^{T^,Z) - Z© for k = 0,1,2 and //^(T^,Z) - 0 for k > 2 one has that the group 
homomoiphism V 2 is surjective. The Gysin exact sequence BGol Corollary 2.11] and the Kiinneth 
formula (for cohomology) provide 

//|^(f2,Z(0)) © Hl^{s\Z{l)) 

^ [h°[s\z) ®z //^(RP“,Z)) © (//1(S\Z) ®z //i(RP“,Z(l))) 

— (Z ®z Z 2 ) © (Z ®z Z 2 ) — Z 2 © Z 2 . 


and similarly 

Hl^{f\Z{\)) 


xRP“,Z(l)) © hI^{%\Z{0)) 

(//°(S*,Z) ®z //^(RP“,Z(1))) © [h^[s\z) ®z //^(RP“,Z)) 


Hence, the surjectivity of V 2 : Z 2 ©Z 2 —> Z 2 ©Z 2 implies also the injectivity of V 2 and consequently vi = 
0. This proves that j is surjective. Since the group //^(T^,Z) - Z classifies lLJ(l)-principal bundles 
over via the first Chern class and the homomorphism j reduces (topological) “Real” Chern classes 
to (topological) Chern classes (see BDGII Section 5.6]) one has that the map jocf : Prin*(jj(T^) —> Z 
provides the integer part of the classification. Moreover, this integer can be also detected by looking at 
the differential “Real” Chern class c* which, in particular, provides a representative for the differential 
Chern class which classifies lLJ(l)-principal bundles over T^. In order to give an interpretation of the 
torsion part we can look at the first isomorphism in (13.161) which provides the decomposition into 
the free and the torsion part of //|^(T^,Z(1)). This isomorphism is a consequence of the splitting of 
the Gysin exact sequence and shows that the torsion part is the contribution from the fixed point set 
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U si. As a consequence the torsion invariant can be detected just by looking at the restriction of 
the principal bundle on the fixed point set and this procedure produces two disjoint copies of “Real” 
lLJ(l)-principal bundles of the type studied in Example l3.10l This allows us to conclude that the torsion 
part of Z(l)) can be identified wifh fhe Sfiefel-Whifney class of fhe 0(l)-principal bundle over 

si U si obfained by resfricfing on fhe fixed poinf sef and by forgeffing fhe “Real” sfrucfure. Moreover, 
fhis invarianf can be defected by computing the holonomy around Si and Si associated to every “Real” 
connection. ◄ 

Example 3.13. Let be the two dimensional torus endowed with the involution ^ : 

{z\,Z 2 ) {z\,Z\zj^- This space agrees with the total space of the Mdbius 91-bundle n : S^ 

studied in Example 13. 101 The fixed-point set is given by := {{zi,zl) | zi e S') - S*- The classi¬ 
fication of “Real” l[J(l)-principal bundle over is provided by //|^(T^,Z(1)) = and 

this can be computed by means of the Gysin sequence IIGol Corollary 2.11] 

Hi (S',Z(0)) ^ Hi (S',Z(1)) ^ Hi ^ Hi (S',Z(0)) ^ (s',Z(l)) 

where xm is implemented by the cup product by the (topological) “Real” Chern class £ 

Hl{S\Z(l)) ^ Z 2 . Moreover, since is the non-trivial element one has cf{l3^yi) -1. Since 
//|^(S', Z(m)) - H^{S^ X RP°°, Z(m)) one obtains with the help of the Kunneth formula (for cohomol¬ 
ogy) that //|^(S',Z(0)) - Z Z - Z if k = 0,1. Moreover, //|^(S',Z(1)) - Z Z 2 - Z 2 . Then, the 
Gysin sequence reads 

... Z ^ Z 2 ^ hI{^m,Z{1)) ^ Z ^ Z 2 ... 

The non-triviality of (and its associated “Real” Chern class) assures that the homomorphism xm 
is surjective. Hence 0 = Ker(7r*) = Im(7r*) and tt* is injective. This also implies that Hi (^y[,Z{l)) ~ 
Ker(Y]y[) - Z. In conclusion one has that the “Real” l[J(l)-principal bundles over are classified by 
hI(T^, Z(1)) - Z and fhe absence of forsion assures fhaf fhe differenfial “Real” Chern class associated 
fo a “Real” connecfion provides a failhful invariant (cf. Theorem 13.81) . ◄ 

3.5. “Real” l[J(l)-principal bundles and flat connections. Consider a “Real” lU(l)-principal bundle 
and a “Real” connection co € %){(^}. We recall that oj is calledif the associated curva¬ 
ture vanishes, = 0. The study of “Real” flat connections provides important information for the 
classification of “Real” principal bundles for reasons that will be clarified in fhe nexf section. 

The firsf quesfion fhaf we wanf fo address is how many inequivalenf “Real” flal connecfions fhere 
are. We recall fhaf fwo connecfions are called gauge equivalent if fhey are connected by a gauge 
transformation of the “Real” principal bundle, i. e. by local maps from the base space X to the structure 
group l[J(m) which are suitably Z 2 -equivariant in a way compatible with the “Real” structure. We 
denote with Elat<R(,^) the set of gauge equivalence classes of flat “Real” connections. The following 
result shows that in general Elat(R(,^) contains more than one element. 

Lemma 3.14. Let X x 1[J(1) be the product \}{\)-principal bundle endowed with the trivial “Real” 
structure ©o : (x, u) —> (t(x), u). Then 

Elafjj(X X ILJ(l)) - HliXm)) / HliXZil)) 

where the equivalence relation is given by the natural homomorphism HI{X,Z{\)) *■(!)) 

induced byZ{\) M.(l). 

Proof. Since we are concerned with a product l[J(l)-bundle the space of the “Real” connections is 
described by 9tsj{(X x ILi(l)) Ci(X) and a flat connection co € Ci(X) is specified by fhe closedness 
condition dco = 0. Lef iR, be fhe real line endowed wifh fhe involufion (relleclion) r i-> -r and 
Mapz2(2f, H) - n^(Z) fhe associated group of Z 2 -equivarianl maps. An elemenf g e Map 22 (X, R) acfs 
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on a (“Real”) connection by w i-> n; + i dg and preserves the flatness. By Corollary l3.2l one has 

“Real” flat connections Ker(d : Qi(X) —> Qi(Z)) , t / x 

Mapz,(X,R) Im(d : Q°(X) ^ ai(X)) 22 ^ 

The gauge transformation group on the product bundle is identifiable with set Map^^CX of Z 2 - 
equivariant maps between the involutive space {X,t) and the structure group 1[J(1) endowed with the 
complex conjugation, the latter being isomorphic to the TR sphere A map / € Map 2 ,(A, S‘) acts 
on a (“Real” ) connection by a> 1 -^ m ^ dlog(/). The exact sequence BGol Appendix A.4] 

Mapz^(X,lR) Mapz^(X,Si) ^ //^,(X,Z(1)) ^ 0 

gives the isomorphism H^^{X, Z(l)) - Map^^C^f, S')/Map22(2f, R) and this concludes the proof. ■ 


Example 3.15 (Flat “Real” connections on the 1 dimensional TR sphere). As an application of the 
previous result let us consider the case of the 1 dimensional TR sphere as a base space. In this case 
every “Real” l[J(m)-principal bundle is isomorphic to the trivial product bundle (see Section iThl) . In 
Example 13.1 II we computed ,X{1)) = Z 2 0 Z. Here the free part Z is generated by the identity 

map ^ S* and the torsion part Z 2 is given by the constant maps S* ^ ±1. By Proposition 13.31 we 
can compute *■(!)) “ *■ ’^l^e generator can be identified with the standard 1-form on S'. 

Hence the moduli space of flat “Real” connections on S' x 11(1) is identifiable with R/Z. In paiticular 
this shows that there are several possible choices of inequivalent flat “Real” connections. ◄ 

In the following we need the Borel cohomology with coefficient system R/Z(l). We can describe 
(or define) this cohomology theory as a relative Borel cohomology BGoH . i. e. 

//|^(X,R/Z(1)) := //|^(Ax/,Ax5/,R/Z) (3.17) 

where 1 is the interval [-1,1] with the involution t -t. Some relevant properties of this cohomology 
will be discussed in Appendix El The relevance of the definition (13.171) is given by the following result 
which generalizes Lemma 13.141 

Proposition 3.16. The group of “Real” V{l)-principal bundles with flat connection over the involutive 
space {X, t) is isomorphic to H^^{X, R/Z(l)). Moreover, given a “Real” J]{l)-principal bundle 0) 
over (X, t) one has 

Flatsji(,^) Flatsjj(X x 1[J(1)) . 

proof (sketch of). Let ^ X be a l[J(l)-principal bundle equipped with a flat connection to. This 
implies that the transition functions which define are locally constant (see Appendix |B]) and so 
we can identify the set of the isomorphism classes of flat line bundles with //'(X; C^) = //'(X; R/Z) 
BPul Section 2.2]. One can generalize this result by incorporating the “Real” structure as in BGol 
Appendix A]. More precisely one can identify the set of the isomorphism classes of flat “Real” line 
bunldes with the sheaf cohomology //'(Z* x X; S^) on the simplicial space Z* x X. The identification 
//'(Z* X X; si) //^^(X,R/Z(l)) completes the first part of the proof. The second part follows by 
observing that Flatsj;(,^) is a torsor over Flats;R(X x 11(1)) and the identification is provided by the 
election of a flat connection on m 

The connection between Lemma l3.14l and Proposition 13. Ibi can be deduced by the exact sequence 

Hl^{X,Z{l)) //^^(X,R(1)) ^ 4^(X,R/Z(1)) ^ //1,(X,Z(1)) (3.18) 

associated to the short exact sequence 0 —> Z —> R —> R/Z ^ 0 of coefficients. 
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3.6. Classification of “Real” principal bundles in low dimensions. In this section we focus on 
involutive base spaces (X, r) which satisfy assumptions (H. 1) - (H.3) together with: 

(H.5) The fixed-point set X’’ has dimension 0. 

Under this extra assumption we know from BDGll Theorem 1.3] that “Real” lU(m)-principal bundles 
are completely classified by //|^(X, Z(l)) if dim(X) < 3. In fhis section we wanf fo describe such 
a classificafion by applying fhe differenlial geomefric apparafus developed in fhe previous secfions. 
Firsf, lef us sfait wifh fhe cases dim(X) < 2 which allow for a complefe descripfion. 

1- dimesional case. In fhis case condifions (H.l) and (H.2) imply fhaf X is isomorphic fo fhe inferval 

7 [0,1] or fo fhe sphere Since 7 is confracfible (and equivarianfly confracfible) if leads only fo 

frivial “Real” l[J(m)-principal bundles. On fhe ofher side on fhe circle S* fhere are only fhree differenl 
involutions BKTII : fhe trivial involution which lead fo fhe frivial involutive space S' = (S', Idgi); fhe TR 
involution r : {xq,x\) —> (xq, -x\) which leads fo fhe TR involutive space S' = (S',t); fhe antipodal 
involution 9 : {xo,xi) —> (-xo,-xi) which leads fo fhe free involutive space S' = (S',0). The case 
of fhe TR involution is frivial since 77|^(S',Z(1)) = 0 as proved in BDGll eq. (5.26)]. Also fhe case 

of fhe antipodal involution is frivial. Indeed, since 9 acfs freely on S' one has - 77*^(S',Z) 

where we used fhe isomorphism S' S'/0. Since 77^(S',Z) = 0 if k 7 !^ 0,1 one deduces from fhe exacf 
sequence in BGol Proposition 2.3] fhaf also 77|^(S',Z(1)) = 0. Therefore, fhe only non-frivial case is 
provided by fhe frivial involufion which has been described in defail in Example 13.101 

2- dimesional case. Consider fhe case of an involutive space (X, t) which verifies condifions (H.l) - 
(H.3), which is closed (f. e. compacf wifh no boundary) and which has a finife number of fixed poinf 
(hence in parficular (H.5) is verified). In fhis setting one can prove fhaf 77|^(X, Z(l)) = 0 if dim(X) = 2 
BDG21 Proposition 4.9]. This means fhaf only frivial “Real” l[J(m)-principal bundles can be consfrucfed 
over such a (X, t). 


More in general we have fhe following classificafion principle: 

Theorem 3.17, Let (X, r) be an involutive space that verifies assumption (H.l) - (H.5} and dim(X) < 3. 
Then: 

(i) IfH^^{X, Z(l)) has no torsion then Prin^^^^j(X, t) is classified by the differential “Real” Chem 
class associated to any “Real” connection. ; 

(a) IfH^^(X, Z(l)) is pure torsion then the “Real” principal bundles are distinguished by the holo- 
nomy Hol(,^, tu) with respect to aflat “Real” connection oj (modulo gauge transformations). 

Proof. From BDGll Theorem 1.3] we know fhaf 

Prin*(^)(X,T) - Prin*(i)(X,T) - 77|^(X,Z(1)) 

wifh isomorphism given by fhe fopological (firsf) “Real” Chem class cj*. Then (i) is a direcf conse¬ 
quence of Theorem 13.81 

The proof of (ii) is more complicated. We start by considering the exact sequence of maps 


77^^(X,R/Z(1)) ^ 77|^(X,Z(1)) ^ 772^(X,R(1)) 


] 


J 


J 


(3.19) 


H\X,M.IZ) -- H^{X,Z) -- h\x,m.) 

associated to the short exact sequence 0 —> Z —> R —> R/Z —> 0 of coefficients. The vertical 
maps J forget the “Real” structure and the injectivity of j : H^(X,"B.IZ{\)) H 2 ^{X,'E./Z) has 

been proved in Proposition IE. 11 We know that 77| (X, Z(l)) classifies “Real” principal l[J(l)-bundle 
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and classifies “Real” principal l[J(l)-bundle endowed with a flat connection modulo 

gauge transformations (cf. Proposition [XT4]) . The exactness at Z(l)) and the isomorphism 

R(l)) - H^^{X, Z(l))®zl. imply that the torsion part of H^^{X, Z(l)) classifies “Real” principal 
111(1 )-hundle that can he endowed with a flat connection modulo gauge transformation^ In case where 
a “Real” principal l[J(l)-bundle (,^,0) is classified by a pure torsion class, we can thus choose a flat 
“Real” connection co to get an element in H^^{X, R/Z(l)). This element injects into H^{X, R/Z), which 
is the set of the isomorphism classes of flat principal l[J(l)-bundle. The universal coefficient theorem 
for cohomology HHatl Chapter 3,Theorem 3.2] and the Hurewicz theorem HHatl Chapter 2,Theorem 
2A. 1] lead to 

//'(X,R/Z) Homz(//i(X),R/Z) ^ Homz(7ri(X),l[J(l)) . 

Under this isomorphism the element in //'(X, R/Z) which classifies the flat principal l[J(l)-bundle 
(1^, 0 )) is given by the Hol(,^, oS) with respect the flat eonnection a> (cf. IIKol Chapter I, Section 2]). 
Indeed since X is path-connected one has that the holonomy is independent on the choice of a par¬ 
ticular point in the fibers (Proposition IB.9l (iii)) and the fact that Hol(,^, a>) € Homz(7ri(X), ILJ(l)) is 
a consequence of the flatness of a> which assures that homotopic loops provide the same holonomy 
(Proposition IB.9l (v)). ■ 

Remark 3.18 (The mixed case). The case in which the eohomology f/|^(X, Z(l)) - F ®T has both 
non-trivial free part F and torsion part T is more involved and no general results are available at the 
moment. A possible strategy can be developed along the following ai'guments: The exact sequence 
(13.181) implies that 

T ^ Im(f/^^(X,R/Z(l)) ^ f/|^(A,Z(l))) 

and this contribution can be studied upon a choice of a “Real” flat connection. On the other side the 
free part F injects into ff|^(X, R(l)). The topological “Real” Chern class of a principal l[J(l)-bundle 
can be decomposed (but non canonically) into its free part and the torsion part. The free part which 
injects into f/|^(X, R(l)) can be detected by a Chern class realized by a differential form. The torsion 
part can be studied through the holonomy associated to a “Real” flat connection. ◄ 


Appendix A. “Real” structures associated to the generalized harmonic oscillator 


In this section we investigate the topology of the generalized harmonic oscillator by developing 
the idea sketched in BCJl Example 2.2.3]. Let A be a manifold and for each point x € X consider the 
generalized harmonic oscillator 

:= + v{xf (?) ^ ^ [p^-F 0(x) (pq-F qp) -F {v{xf + (pixf) q^] (A.l) 

acting on the Hilbert space L^(R, dr). In (lA.ll) 0, v : A —> R are two real-valued smooth maps, 
(q(f)(r) = ri/^(r) is the position operator, (pi/')(r) = - i is the momentum operator and by defini¬ 

tion p^ := p -F f{x)(\. The function v is c&W&d frequency and we assume that v{x) > 0 for all x € A. We 
refer to f as the anomaly. The operator (I A. Ill differs from the usual harmonic oscillator exactly when 
(f> t 0. However, since p^ = U^pU^* and [Uip, q] = 0 with ^ unitary operator, one has 

that Hti,^y{x) is unitarily equivalent to the harmonic oscillator of frequency v (and mass m = 1). This 
immediately implies that its spectrum is given by 



An(x) := v{x)\n + - 


n € N U {0} 


(A.2) 


with a eorresponding complete set of eigenvectors = An{x)t]/f^, called Hermite functions, 

and given by 


ihn\r) := CnV{x)^ Hn(rv{xr-^ 


(A.3) 


similar result for the complex case is proved in IPul Lemma 2.6]. 
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where C„ {n\2” y/n) 2 is a normalization constant and 

Hn{r) - (-ir e- ^ e-^ 
dr'’ 

is the n-th Hermite polynomial BGRll Section 8.95]. 

Time reversal symmetry. The complex conjugation C acts on L^(R, dr) as = ijfir). Then one 

has CpC = -p and CqC = q which implies Cp^C = -P-^ and so = CH^ y{x)C. Let us assume 

that X can be endowed with an involution t such that cpoT - -tp and vor = v. In this case one has that 

= C H^,y{x) C, X€X (A.4) 

and a comparison with (11.31) shows that the Hamiltonian (lA. Ill describes a topological quantum system 
with a “Real” time-reversal symmetry over the involutive space (A, r). 

“Real” line-bundles. For each energy level n the projection P„(x) defines a continuous 

map X 3 X i-> P„(x) and, as a consequence of the Serre-Swan Theorem, an associated line bundle 
—» X (cf. Section 12.41) . The line bundles .if„ are trivial as complex line bundles since they have 
a global section x i-> However, the complex conjugation endows each Jf,, with a “Real” struc¬ 
ture which can lead to non-trivial effects. The topology of .if,, can be investigated by the associated 
Grassmann-Berry connection that is automatically “Real” as a consequence of Proposition 12.191 In 
Section [2]4l we described how the Grassmann-Berry connection is determined by the (local) 1-forms 

3 

J{(’^\x) := dxj 

f=i 

where x - (xi,, Xd) are local coordinates for X. For the calculation of the scalar products 
we need the following relations: 

r dy Hn (yf e“^" ^ ^ ’ f dyyH„(y) H'„ (y) e“^" ^ n C~^ . 

Both are consequences of the orthogonal condition dyH„ (y)Hm C~^ BGRll eq. 8.959, 

2.]. The first follows from the identity y^ Pin (y) - \PIn +2 O') + n{n - l )//„-2 (y) + {n + \)Hn (y) BGRll 
eq. 8.952, 2.] while the second comes fromy //' (y) = nH„(y) + 2 n^Hn- 2 (y) BGRll eq. 8.952, 1. & 3.]. 
A direct computation provides “ i ^ namely 

(n\ 2 n+ \ 1 

2 R^’'\x) = -i—-— dm- 

4 v{x) 

The associated curvature is then given by 

r^’'\x) = d,^(”\x) = i dv(x) A dm ■ 

4 v{xY 

A realization of Example 13.121 Just to give an example let us set the parameter space X to be the 
torus - [-TT,tt]^ parametrized by two angles ( 0 i, 02 )- We can also endow with the involution 
Tj : { 61 , 62 ) 1 -^ (- 61 , 62 ). In this way we obtain the involutive space = (T^, rj) described in Example 
13.121 Let /,g : —> 1. be two smooth functions and set v(0i,02) = S + /(02)^, with d > 0 an 

arbitrary constant and (p{ 6 \, 62 ) - sin(0i)g(02)- With this choice ^ 2 ) turns out to have a “Real” 

time-reversal symmetry over the involutive space and the Grassmann-Berry connection becomes 

Yi^"\ 6 u 62 ) = , 1^,2 (cos( 0 i)g( 02 )d 0 i + sin( 0 i)g'( 02 )d 02 ) ■ 

4 0 +f{ 62 )^ 

However, one can check that the holonomy around the fixed point set vanishes. 
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Appendix B. A reminder of the theory of connections 

Usually, the theory of connections is developed first for principal bundles and then is adapted to 
vector bundles. Although this procedure is not strictly necessary (connection can be defined direcfly 
for vecfor bundles) if is of course fhe mosf general and fhe mosf suifable for generalizations. For sake 
of complefeness we review in fhis section the basis of the theory of connections. A standard reference 
on this subject is BKNl vol. I & II] while a more friendly introduction, with many links to the physics 
of quantum systems, can be found in BBMKNZH . 

Principal bundles and vector bundles. We start by fixing some basic nofafions: Lef G be a finife- 
dimensional Lie group wifh idenfify e. The associafed Lie algebra q = TgG is, by definilion, fhe fangenf 
space of G af fhe identify. Since g carries fhe sfrucfure of a finife dimensional vecfor space we can 
consider fhe group of fhe linear Iransformalions GL(g) and fhe adjoint represenfafion Ad : G ^ GL(g) 
which associates fo each g e G fhe differenlial af fhe identify Ad(g) of fhe mapping G 9 /i i-> ghg~^ € 
G. We are mainly interested in matrix Lie groups G like GL]p(m) (fhe general linear group of invertible 
mafrices of size m over F = R, C, H) wifh Lie algebras glpCwr) - MalF(«i) (fhe full mafrix algebra), or 
0(m) (fhe real orfhogonal group) wifh Lie algebra o(m) = e MafjaCm) | ^ = 0) (anfisymmefric 

mafrices), or lU(m) (fhe complex unifary group) wifh Lie algebra u(m) = {^ € Malc(ni) \ ^ + C = 0) 
(anfi-hermifian mafrices) or finally l[Je(m) - Sp(m) (fhe quafernionic unifary group equiv. fhe complex 
symplecfic group) wifh Lie algebra uih(wi) = £ Mal]H(m) \ ^ + ^* = 0) (quafernionic skew-Hermifian 

mafrices wifh respecf fo fhe quafernionic conjugate). In all fhese cases one has thaf Ad(g)[^] = g-^-g^^ 
is given by fhe mafrix mulfiplicafion for all g e G and ^ € g. 

Lef G be an arbifrary finife-dimensional Lie group. A (smoofh) principal G-bundle is a fiber bundle 
n ^ ^ X 'm which tt is a smoofh map befween smooth manifolds. Furthermore the total space 
is endowed with a smooth right G-action x G 9 (p, g) i-a Rg{p) = pg e such that: (i) for each 
X e X the fiber is an orbif for fhe G-acfion; (ii) every poinf x e X has a neighborhood 

U and a smooth isomorphism h : n~^(U) ^ If x G which is jiber-preserving and equivariant meaning 
that h maps to (x) x G for each x e U and h{Rg{p)) - Rg{h{p)) for all p € 7r“'('L[) and g € G where 
G acts on the right on If x G by Rg{(p,g')) = {p,g')g := {p,g' ■ g). The group G is usually called 
structure group of the principal bundle Let us remark that from the above definition also follows 
that: TT is surjective and open; the right action of G on ^ is free', the orbit space ^/G is isomorphic to 
the base space X (as smooth manifolds). Property (ii) is called local triviality and says that a principal 
bundle is locally (isomorphic to) a product space. A principal bundle n ^ X is called trivial if 
it is globally isomorphic to the product principal bundle A x G —> A. We recall that an isomorphism 
between principal bundles over the same base space is a smooth isomorphism of the total spaces which 
is fiber-preserving and equivarianf wifh respecf fo fhe righf action of G. We denote with PrinG(A) the 
family of isomorphism classes of principal G-bundles over A. A classical result says that a principal 
G-bundle over A is trivial if and only if it has a global (smooth) section s : A ^ IStl 8.3]. 

Vector bundles and principal bundles are strongly related objects. First of all, we see how to each 
vector bundle is associated a canonical principal bundle called frame bundle (see e. g. BKNl vol. I, 
Chapt. I, Example 5.2]). Let S —> A be a rank m (smooth) vector bundle over F. This means that 
each fiber Sx is isomoiphic fo fhe vecfor space F'". A frame af a poinf x e A is an ordered basis 
{vi(x),..., Vm(x)) for fhe vecfor space (Xx and if is represented by a linear isomorphism F : F'" —> §x 
such fhaf Flgf) = v/x) where {ei,... ,e,„} is the canonical basis of F"h The set of all frames at x, 
denoted J^x, has a natural right action by the general linear group GLF(m): a group element g € 
GLF(ni) acts on the frame F via composition to give a new frame Fog-. W” —> Sx- This action 
of GLF(m) on ^x is both free and transitive. The frame bundle of S, denoted by is given 

by the disjoint union = Wx'i.x^x- Each point in is a pair (x, F) where x € A and F 

is a frame at x. There is a natural projection n : —> A which sends (x, F) to x. The group 

GLF(ni) acts on on the right as above and the action is clearly free with orbits given just by 

the fibers ^x - n'“^(x). The frame bundle can be given a nafural topology and bundle sfrucfure 
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determined by that of S'. Let {Ua,fa} be a local trivialization of S. These data determine bijections 
ha : K~^{Ua) —> Ua X (G!LF(ni) given by ha(x,F) := (x,fa(x) o F) and with these bijections we can 
endow each n~^(U.a) with the topology of Ua x GLf'(wi). The topology on is the final topology 

induced by the inclusion maps n~^(Ua) —> ^{S). With all of the above data the frame bundle 
becomes a (smooth) principal fiber bundle over X with structure group GL]F(ni). From the construction 
is also evident that isomorphic vector bundles provide isomorphic frame bundles. On the other side is 
also true that to each principal GLF(m)-bundle is associated a canonical rank m vector bundle called 
associated vector bundle BKNl vol. I, Chapt. I, Proposition 5.4]. Let tt : ^ > X be a principal 

G-bundle and N a (smooth) manifold on which G acts on the left: N x G 3 {n, g) Lg(n) = gn € N. 
Let := (^ X N)/G be the orbit space for the G-action given by g : {p,n) i-> {Rg{p),Lg-\{n)) for 

all p e 0^, n € N and g e G. By combining the canonical projection 0^ x N ^ 0^ with the bundle 
projection n one obtains a map 0^xN ^ X which factors through the equivalence relation and defines 
a projecfion > X. Since each poinf x € X has a neighborhood 'Ll such fhaf tt^^CU) - 'Ll x G we 

can idenfify fhe G-acfion on 7r~*('Lt) x N wifh fhe mapping g : {{x, g'), n) {{x, g' ■ g), Lg-\ (n)) for all 
A € If, g, g' e G and n € N. This leads fo an isomorphism (If) -UxN. We can Iherefore infroduce 
a topological (smoofh) sfrucfure on by requiring fhaf is an open submanifold of which 

is (smoofhly) isomorphic fo If x X. Wifh all fhese dafa —> X fums ouf fo be a (smoofh) fiber 

bundle over X wifh fypical fiber N and sfrucfure group G. When G = GLF(m) and N = F"” (wifh fhe 
nafural leff-acfion) fhen fhe associafed bundle has the structure of a rank m vector bundle with typical 
fiber F™. From fhe construcfion, if also follows fhaf isomorphic principal bundles define isomorphic 
associated bundles. 

The frame bundle construction and the associated bundle construction are, up to isomorphisms, 
mutually inverse mappings between principal bundles and vector bundles. As a result, one obtains that 

PrinGiLr(m)(X) - Vec™(X), F - R, C,H, (B.l) 

where, by virtue of Theorem 12.11 we can consider (IB. II) as an isomorphism in the topological or in the 
smooth category. One of the implication of (IB. Ill is that a vector bundle is trivial if and only if the 
associated frame bundle has a (global) section. 

The notion of associated bundle plays an important role when the structure group of a principal 
G-bundle n : 0* ^ X has a closed subgroup K c G. In this case G acts in a natural way on the left on 
the (left) coset space G/K and one can construct the associated bundle ttg/k '■ Sg/k ^ X with typical 
fiber G/K. On fhe ofher hand, being a subgroup of G, K acfs on fhe righf on fhe fofal space 0 and 
one can define fhe quofient space 0 j'K associafed wifh fhis acfion. One can prove fhaf fhere exisfs a 
(smoofh) isomorphism 0I^K - <%/« and fhe sfrucfure group of tt : > X is reducible fo H if and 

only if fhe associafed bundle ,^/K —> X admits a section BKNl vol. I, Chapt. I, Proposition 5.5 and 
Proposition 5.6]. When X is a paracompact space the reductions 

PrinG]LR(m)(2f) - Prino(m)(X) , PrinciLcC/niW - Prinu(m)(X) , PrinG]LH(m)(X) - Prini[jg(„,)(X) , 

hold true and, combined with (IB. II) . they correspond to the existence of a unique (up to isomorphisms) 
metric for real, complex or quaternionic vector bundles BHul Chapt. 3, Theorem 9.5]. 

As for vector bundles, also principal bundles are completely characterized by the set of the transition 
functions. Let {U.a,ha] be a trivialization for the principal G-bundle n \ 0 ^ X. For Ua n Uyj 0 
the composition hp o h~^ : (U^ n lip) x G ^ (Ha n U/j) x G is a (smooth) isomorphism which acts as 
hjs o h~^{x, g) = {x, (pjs,a{x) ■ g) where g € G, x € U^ n U^j and (pp^a : U^ n U/j ^ G are (smooth) maps. 
The family of transition functions {(fp^a) verifies fhe cocycle conditions 

for all X e Ua n Ufl n Uy 
for all xeUa . 
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Two families and [ipp^a] of transition functions are called isomorphic if there exists a family of 

(smooth) functions Tq, : ^ G such that the following coboundary conditions hold 

• Pj3,a{x) ■ Aa(x) for all X eUaf^Up . (B.3) 

The fiber bundle construction theorem HKNl vol. I, Chapt. I, Proposition 5.2] asserts a complete 

equivalence (up to isomoiphisms) between principal G-bundles n \ ^ X and families of functions 

Pp,a : Uq. n 11^0 — > G which verify the cocycle conditions (IB.2I) . Moreover, as a consequence of 
the isomorphism (IB.ll) . one has that each principal G]LF(w^)-bundle shares with its associated vector 
bundle the same family of transition functions. 


Connection on principal bundles. Let n \ ^ X be a principal G-bundle. For each fixed p ^ 

the (smooth) map G 3 g ^ Rgip) ^ ^ between manifolds induces an injective map Fp : g —> 
between tangent spaces and the quotient space by the image of Wp is mapped isomorphically onto 
T,r{p)X by the differential tt* of tt. In other words, there is an exact sequence of vector spaces 


0 ^ g ^ Tp^ ^ r,(p)X ^ 0 . (B.4) 

The space Fp(g) c Tp^ is called the vertical subspace of Tp^P and contains vectors tangent to the 
fiber through p. A horizontal distribution (also called Ehresmann connection) is an assignment 
^ € p Hp c Tp0^ of subspaces of Tp£P such that: 

(a) Tp^ = Hp ©p Fp(g) (direct sum); 

(b) ^ {Rg)*Hp for every p e ^ and g e G; 

(c) Hp depend smoothly on p. 

The spaces Hp are called horizontal subspaces of TpJl^. The symbol ©p means that the decomposition 
depicted in (a) is valid pointwise. Moreover, in view of the exact sequence (IB.4I) . (a) is equivalent 
to Hp ~ Tjr(p)X for all p € Condition (b) means that the horizontal subspaces are permuted by 
the right action of G on Tnamely the distribution p Hp G-invariant. Let us point out that the 
vertical subspaces Fp(g) are uniquely defined by fhe bundle projection n : ^ X, while fhe choice 

of a horizonfal disfribufion Hp is usually nol unique. 


To each horizonfal disfribufion p Hp one can associafe a 1-form on wifh value in fhe Lie 
algebra g of G, i. e. an elemenf oj € g). For each ^ € g fhe mapping R 9 t i-> e^^ € G defines a 

1-paramefer subgroup of G and 



at 


t=0 


Vp(0 , 


p e ^ 


(B.5) 


is a verfical vecfor. The map p defines a (smoofh) vector field e F(rand fhe assignmenf 
^ is a Lie algebra homomorphism befween g and F(r IlKNi vol. I, Chapf. I, Proposition 4.1]. 

is called the. fundamental vector field associafed fo ^ and for each g € G, is fhe fundamenfal 

vecfor field associated to Ad(g“^)[^] IlKNi vol. I, Chapf. I, Proposition 5.1]. Since G acfs freely on 0^, 
one has fhaf ^p 7 ^ 0 for all p € (if f + 0) and fhe assignmenf ^ i-a defines a linear isomorphism 
befween g and Fp(g) for each p € For each vecfor field w € F(rlef Wp = w^ -i- w^ be fhe 
spliffing induced by (a). We can define poinfwise a 1-form oj e g) by saying fhaf 6Up(Wp) € g is 

fhe unique elemenf such fhaf 


<^p(Wp)p —/?gftjp(wp)(p) 


= w; 


f=0 


(B.6) 


The 1-form co e defined by (IB.61) is called fhe connection (1-form) associated to fhe hori- 

zonfal disfribufion p i-> //p. If is clear from fhe definifion fhaf a>p(Wp) = 0 if and only if v/p € Hp. The 
following classical resulf holds frue BKNl vol. I, Chapf. II, Proposition 1.1]: 


Proposition B.l. Let oj e q) be a connection 1-form associated to a horizontal distribution 

p 1 -^ Hp. Then 

(a’) ojpoVp = Idg for all p € IP; 
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(b’) {Rg)*a) = Ad(g ') o cafor all g € G. 

Moreover, each 1-fonn to € g) which verifies (a’)-(b’) defines a horizontal distribution p ^ Hp 

such that Hp = Ker((iip). 

A second crucial result concerns the existence of connections IIKNl vol. I, Chapt. II, Theorem 2.1]: 

Theorem B.2. IfX is paracompact then each principal G-bundle n : ^ X admits at least one 

connection to € , q). 

Remark B.3. We denote with c 0.^(0^, g) the space of connections on Theorem lB.2l assures 
that 0. Moreover, from Proposition IB. II it follows that for every collection {mi,... ,mAf) c 

of connections and numbers |ai,..., on] c C such that aj = 1 then the convex combination 
to := Tj'j=i tiij is still a connection. The space is closed under convex combinations. ◄ 

Once a connection m on tt : 3^ ^ X has been given we can lift “horizontally” vector fields on X to 
horizontal vector fields on 3^. More precisely, let w e r(rX) be a vector field on X. The horizontal 
lift of w is the unique vector filed w e r(r 3^) such that Wp € Hp and tt* : Wp = Wp for all p e The 
horizontal lift is invariant under the right action of G and each horizontal vector field is the horizontal 
lift of an element in r(rX) IIKNl vol. I, Chapt. II, Proposition 1.2 and Proposition 1.3]. 

A connection 1-form toon 3^ can be described by family of local 1-forms on the base manifold X. 
Let {Uq,, ha] be a local trivialization for tt : 3^ ^ X and the related family of transition functions. 
For each a let Q'(Uq., g) be the set of local (smooth) 1-forms defined on the open set Uq- c X and with 
value in the Lie algebra g and € r('Lta) the local (smooth) canonical section defined by tTa{x) := 
h~^{x,e), with e € G the identity element. The pullback Jla := (cra)*to associates to a connection 
00 € 0.^(3^, 0 ) a 1 -forms 3la € QfUa,9)- Let ^'^^^(G, g) be the space of left-invariant (smooth) 1- 
forms on G with value in the Lie algebra g. With left-invariant one means that ru € Qjgjj(G, g) if 
and only if {Lg)*m = m for every g e G. The Maurer-Cartan 1-form 6 € nj'^jj(G, g) is defined by 
6 g := (Lg-i)*. More precisely, let ^ e g = T^G and ^ € r(rG) the associated vector field = {Lg)^:^, 
then the Maurer-Cartan 1-form is defined by Ogiig) = f for all g € G and all ^ € g. For each non 
empty Ua Up @ the expression Op^a i‘Pp,aTd is an element of Q^(Ua n Up, g). The following 
characterization holds true IIKNl vol. I, Chapt. II, Proposition 1.4]: 

Theorem B.4. Let n 3^ ^ X be a principal G-bundle with local trivializations {Ua,ha} and tran¬ 
sition functions {(fp^a)- There is a one-to-one correspondence between connections to € 0.^(1^, g) and 
collections of 1-forms (3la £ i^^(Ua, g)) which verify the transformation rule 

3{a = Ad(^^‘„) o 3lp -V dp^a , on UaC Up . (B.7) 

As a consequence of this theorem we can identify connections with collections 3i := {Jia} of local 1- 
forms on X subjected to the transformation rule (IB.7I) . Let us also recall that in the case G = GLF(ni) 
then the Maurer-Cartan 1-form has the form 0^ = g“^ • dg for all g e G and the transformation rule 
(IB.7I) reads 

3la — ^p^a ' ^P,a ' > On Ua H Up . (B.8) 

Basic forms and the space of connections. Let n- : ^ X be a principal G-bundle and r : G ^ 

GLCV) a representation of G on the (finite dimensional) vector space 'V. Let O e be 

a differential k-form on 3^ with value in 'V. We say that: (i) O is horizontal if for all p e 3^, 
Op(wi,..., w^) = 0 for all k-tuples of tangent vectors jwi,..., Wj^) c Tp3^ for which at least one is 
vertical (i. e. tangent to the fiber through p); (ii) O is r-equivariant if /?*0 = r(g“^) o <1) for all g € G; 
(iii) d) is invariant if it is equivariant with respect to the trivial representation r = Id^; (iv) O is basic 
if it is both invariant and horizontal. We use the notation 'V, r) c 'V) for the set of the 

horizontal r-equivariant k-forms on 3^. The following result is similar in spirit to Theorem IB .41 
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Proposition B.5. Let r : G —> GLCV) be a representation of G on the (finite dimensional) vector 
space "V and tt : ^ X be a principal G-bundle with local trivializations {UaJra} cmd transition 

functions {‘pp,a\- 

(i) There is a one-to-one correspondence between horizontal r-equivariant k-form <1) € 'V, r) 

and collections ofk-forms {fa ^ which verify the transformation rule 

Ta ^ o Tp , on UaLiUp . (B.9) 

Here fa i^ the pullback o/O by the local section era € r(lXQ,) defined by (Ta(x) := h~^{x,e), 
with e e G the identity element. 

(ii) The pullback n* : Q!^{X,'V) gives an isomorphism onto the basic form on 

Under the assumption of the above proposition we can consider the vector bundle n^y : X 

associated to tt : ^ > X by the left action of G on "V given by Lg(v) = r(g) • v for all g e G and 

V € "y. Item (i) in Proposition IB .51 in the case k - 0 states that there is a one-to-one correspondence 
between the set of r-equivariant functions / : ^ > y and the set of sections s : X —> Sy, namely 

Q^^ft^,'V,r) - r(<^^) (see e.g. BKNl vol. I, Chapt. II, Example 5.2]). As a particularly interesting 
case let us consider the situation in which the vector space y coincides with the Lie algebra g of G 
and the representation r is the adjoint representation Ad : G ^ GE(g). From (b’) in Proposition IB. II 
if follows that any connection a> is Ad-invariant. Combining Theorem IB .41 with Proposition IB. 51 one 
obtains that: 

Corollary B.6. The space of connections is an affine space for the vector space g, Ad). 

That is, given any pair of connections a>\,a >2 £ ?t(^) one has that a>\ — a >2 € g, Ad). 


Flat connections. Let ^ = A x G be the trivial principal G-bundle over X. For each g e G the 
set X X (g) is a submanifold of This fact allows us to define the fiat horizontal distribution ^ € 
{x,g) i-> H(^x,g) by the identification := T(^x,g)iX x {g}) of the horizontal subspaces with the 

tangent spaces to the submanifolds X x {g}. Let G € g) be the Maurer-Cartan 1-form on G 

and pr 2 : A x G —> G the natural projection and set tUflat := (pri)*^- straightforward to verify 
that tUfiat € g) is the connection 1-form associated to the flat horizontal distribution and it is 

therefore called canonical fiat connection. 

The notion of flat connection can be extended to non-trivial principal bundle using the local trivi¬ 
alizations. Let TT : ^ > A be a principal G-bundle with local trivializations {Ua,ha} and transition 

functions {(pp^a)- We say that has aflat horizontal distribution ^ € p Hp if and only if on every 
Ua the induced horizontal distribution on = n~^(U.a) is isomorphic (via ha) with the standard 

flat horizontal distribution on Ua x G. Similarly, a connection 1-form a> € is said fiat if 

and only if = /r* namely if and only if the restriction of oj to is induced (via ha) by 

the Maurer-Cartan 1-form oiflat on Ua x G. Finally, let us recall that a principal G-bundle has a flat 
connection if and only if it admits a system of constant transition functions pp^a : Uq. n ^ G. 

Parallel transport and holonomy group. Given a connection m in a principal G-bundle tt : ^ ^ A 
we can define fhe notion of parallel fransporf of fibers of ^ along any given (C^-piecewise) curve 
y : [0,1] —> A on fhe base manifold A. A (horizontal) lift of y is a horizonfal curve y : [0,1] —> 
such fhaf TToy - y. Here a horizonfal curve in means a (C^-piecewise) curve whose fangent vectors 
are in fhe horizontal spaces defined by a>. The liff of a given curve is usually nof unique. Neverfheless, 
fhe following resulf holds BKNl vol. I, Chapf. II, Proposition 3.1]: 

Theorem B.7. Let n \ ^ X be a principal G-bundle, co € g) a connection 1-form and 

y : [0,1] —> A a (C^ -piecewise) curve in A. For any po € 7r“^(y(0)) there exists a unique (horizontal) 
lift y of y such that y(0) = po- 
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In order to prove this result one starts with a (C*-piecewise) curve p : [0,1] ^ ^ such that p(0) = po 
and n o p = y. Such a curve always exists since is locally trivial and one can use local sections 
to lift locally y. The (horizontal) lift y, if it exists, must be of the form y{t) := = p{t)g{t) 

for a suitable curve [0,1] 9 t i-> g(t) € G such that g(0) = e. Let yt be the tangent vector to the 
curve y at the point y{t). The condition of horizontality for y is given by a){yt) = 0 for all t € [0,1]. 
Differentiating the expression for y{t), one gets (with the help of the Leibniz’s rule) the differential 
equation g{t) ■ g{t)~^ - -co(pt) (see BKNl vol. I, Chapt. 11, Proposition 3.1]). Here g{t) ■ git)~^ has to be 
understood as a curve in the Lie algebra g and pt is the tangent vector to the curve p at the point p(t). 
This differential equation has a unique solution in g which verifies g(0) = e and fhaf can be formally 
written as 

g{t) = (B.IO) 

where fhe symbol CP sfands for fhe path-ordered product 

Remark B.8 (Local expression for git)). If is useful fo express fhe equafion (IB.IOI) locally wifh respecf 
fo a frivializing open cover (Uff) of fhe base space X. Lef ctq. € TCIIq,) be fhe canonical section defined 
by (Taix) h~^ix, e) wifh e € G fhe identify. Given a pafh ya : [0,1] — > Ua we can realize a liff ya : 
[0,1] ^ n~^iUa) by fhe prescription yait) ■- crai 7 ait))git) for a suifable (smoofh) map g : [0,1] ^ G. 
The condifion of horizonfalify is fixed by fhe equafion (IB.IOI) where pt has fo be replaced by &aiyait)), 
i. e. by fhe fangenf vector fo fhe curve craifait))- Since cai&aiyait))) = io'a)*(^iyait)) one has fhaf 

git) - y Q- (B.ll) 

where we used fhe definition Jla := icraTca. Therefore locally fhe horizonfal condifion of a liff can 
be described in ferms of fhe local forms Jia e GHbla, g) associated fo fhe connection o). Moreover, 
one can prove fhaf on fhe overlapping Ua n Up fhe Iransformalion rule (IB.7I) combines in a properly 
wifh fhe infegral sfrucfure of (IB.Ill) in such a way fhaf if is possible to glue fogelher (and smoofhly) 
expressions of fhe form (IB.Ill) for pafhs intersecting several open sefs of fhe cover. Formula (IB.Ill) has 
many applications in physics due fo ifs relafion wifh fhe nofion of Berry phase (see e. g. BBMKNZH '). ◄ 

Using fhe resulf of Theorem IB.VI we can define fhe parallel transport along fhe pafh y as fhe map 

PTy : ,^^(0) —> ^y(i) , PTy(p) := y(l) 

where y is fhe unique (horizonfal) liff of y such fhaf y(0) = p. The parallel fransporf PTy is an 
isomorphism befween fhe fibers ^f(o) and ^y(i)- In facf Ibis is a consequence of fhe fhe relation 
PTy o Rg = RgO PTy which is valid for every g e G BKNl vol. I, Chapf. II, Proposition 3.2]. Lef fi ■ 72 
be fhe concatenation of fhe curves yj and 72 and y~^ fhe reversed curve wifh respecf fo y. Then fhe 
relations PTyj.y^ - PTyj o PTyj and PT^ i = PTr^ hold BKNl vol. I, Chapf. II, Proposition 3.3]. 

For each x € X lef Loop(x) be fhe loop space af x, fhaf is, fhe sef of all (C^-piecewise) curves 
in X sfarfing and ending af x. For each y e Loop(x) fhe corresponding parallel fransporf PTy is an 
isomorphism of fhe fiber = n'“^(x). Lef p e be a given poinf. Each y € Loop(x) determines an 
elemenf g e G such PTy(p) = Rgip)- This mapping, which can be wriffen as 

Loop(x) 3 y ^ g ■- e G 

wifh fhe nofafion in (IB.IOI) . respecfs fhe group composition and defines a subgroup of G 

no\pi^,co) := [g € G\PTyip) = Rgip), y e Loop(x)} 

which is called fhe holonomy group of fhe connection oj wifh reference poinf p € The restricted 
holonomy group is given by 

Uolpi^,aj) — |g e G I PT^(p) ^/?g(p), y e Loopo(x)) 

^If the Lie group G has a trace Tr then the quantity Tr(g(t)) with g{t) as in equation l IB.lOl is Itnown as Wilson line 
variable. More interesting is the case in which the path t y{t) is a closed loop. In this case the quantity Tr(g(l)) is called 
Wilson loop variable (cf. IGil i. 
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where LoopoC^c) c Loop(Y) is the subset of closed paths which are homotopic to the constant path at x. 
The following facts are true IIKNl vol. I, Chapt. II, Proposition 4.1 and Theorem 4.2]: 

Proposition B.9. Let n : ^ X be a principal G-bundle and oj € g) a connection 1-fonn. 

Then: 

(i) Let p\,p 2 ^ such that n{p\) = n{p 2 ) and pi = Rgipilfar a g € G. Then 

^ Holp2(^,w) g = Ad(g“‘)[Holp2(=^,m)] , 

namely the holonomy groups Holpj(,!^, a>) and Holp 2 (=^, m) are conjugate in G. The same 
holds true for the restricted holonomy groups. 

(ii) Let pi,P 2 £ such that n(pi) + r^lpi)- If Pi and p 2 can be joined by a horizontal curve then 

Holpj , (jS) - (jS) and similarly for the restricted holonomy groups. 

Now, let assume that X is path-connected and paracompact, then: 

(Hi) Holpf.t^, oj) ~ Holp^il^, oj) for all pairs p\,P 2 £ ^ and the same is true for the restricted 
holonomy groups. 

(iv) Holp(^, (jj) and Holp(,^^, tu) are both Lie subgroups ofG. Moreover Holp(^, oS) is a normal 
subgroups o/Holp(^, a») and the coset group Holp(,^3^, tu)/Holp(^, co) is countable. 

(v) Ifoj is aflat connection then Holp(,^3^, oS) = {e} (homotopy invariance). 

In the construction of the holonomy group one can replace the C'-condition for the closed paths y with 
a stronger C^-condition (with k = 2,3,..., oo). As a consequence of BKNl vol. I, Chapt. II, Theorem 
7.2] all these holonomy groups coincide. 

Connection on vector bundles. We now consider the relevant case G = GlLpCni) with associated Lie 
algebra g = MatF(ni)- Let S' ^ A be a vector bundle with typical fiber F'" and n : ^(S) —> X the 
associated frame bundle. A connection 1-form tu on ^(S) is usually called a linear connection. This 
is an element of Q.^(.i^{S), MatF(ni)), i. e. a matrix-valued 1-form of type 

/ — ... \ 

ojij £ D}(.!^(S)) . 

Let i be the identical representation of GFF(m) on the vector space F™ and Q.^^f.!^{S), F'”, i) the 
space of the i-equivariant horizontal F'"-valued ^-forms on the frame bundle J^{S). As shown in HKNl 
vol. I, Chapt. II, Example 5.2], one has the following identification 

Lll^f^{S),¥"\i) - - r(^) a\X) (B.12) 

where the latter tensor product is the tensor product of modules over the ring QP(X) of smooth functions 
on A. The identification (IB.121 ) is defined by associating to each f F"*, i) and each x e X 

a map fx '■ (TxX)^^ —> Sx defined by 

((>x{^\,---,^k) ■= po^p(wi,...,Wjt) (B.13) 

where for each ^-tuple {wi,..., w^) c TxX one chooses a ^-tuple {wi,..., w^.) c Tp,^(S), p £ n~^{x), 
such that 7r*wy = wy Due to the i-equivariance of f, this definition turns out to be independent on the 
choice of the particular p £ n~^{x) - IsoCF™, Sx). The isomorphism (IB. 121) can be written in the short 
form Q!^^f.^{S), F"*, i) ~ Q^(A, S) which emphasizes the fact that elements in Q!^^fJ^{S), F'”, i) are 
differential forms on A with values in the vector bundle S. 

Definition B.IO (Vector bundle connection). A connection on the vector bundle S X is a differential 
operator 



V : r(S) 


a\x,S) 


(B.14) 














38 


G. DE NITTIS AND K. GOMI 


such that the Leibniz rule 

V(5/) ^ V(5)/ + s ® Af (B.15) 

holds for all (smooth) functions / : X —> F and all (smooth) sections s : X S’. The symbol 
d : Q^(X) —> Q.^'''^(X) denotes the usual exterior derivative for forms on X. The image X{s) is called 
the covariant derivative of the section s. 

This definition is justified by fhe facf fhere is a one-fo-one correspondence befween linear connec- 
fion 1-forms to € MalF(ni)) of fhe frame bundle ^(<^) and vector bundle connections V in 

fhe sense of Definition IB. 101 For fhis consider s € T{^) and lef s : F™ be fhe associafed 

j-equivarianf map under fhe isomorphism (IB.12I) . Then we define 

dc<;(5) := d5 -I- m • 5 

where • is fhe usual mulfiplicafion befween fhe mafrix m and fhe column vector s. Clearly d(^(5) e 
F™). Moreover, one can check fhaf d(^(5) is also j-equivaiianf and horizonfal, namely 
d(j(5) € F'”, i). At fhis poinf fhe covarianf derivafive X(s) of fhe secfion s is simply 

defined as fhe image of d^(5) under fhe isomorphism (IB.12I) . In ofher words, fhe differenlial operator 
d^ associafed fo fhe connection 1-form to defines uniquely a vector bundle connecfion V by means of 
fhe commutative diagram 

- - (B.16) 

d‘’(x. S’) -^-- a'(x, S) 

where the prescription (IB.13I) fixes fhe vertical isomorphisms. Finally, lef us poinf ouf fhaf as a conse¬ 
quence of Theorem IB . 21 every (smoofh) vector bundle S ^ X over a paracompacf base space X posses 
a vector bundle connection. 

A choice of a vecfor bundle connecfion for (f X is generally nol unique. Lef us denote wifh 
’HiS) fhe space of vector bundle connections. If Vi, V 2 € "HiS) fhen fheir difference is a (smoofh) 
linear operator, namely (Vi - V 2 )(s/) = (Vi - X 2 )is)f for all functions f on X and all sections s of 
S. If follows from the. fundamental lemma of differential geometry (see e.g. BBel i fhaf fhe difference 
Vi - V 2 is induced by a 1-form on X wifh values in fhe endomorphism bundle End((f) —> X, namely 
Vi - V 2 € End(ff)) = F(End(<f) ® 0^^))- Conversely, if V € 'HiS) and A e Und(S)) fhen 
V -I- A is sfill a vector bundle connecfion for S. Said differenfly, fhe space ''}1{S) is an affine space for 
fhe vecfor space n^(X, End(f^)). This is fhe vecfor bundle version of Corollary IB. 61 

Eel V be a vector bundle connection for S ^ X. Eor each s € T{S) and x e X fhe evaluation of 
V(5) on fhe poinf x defines a linear map X{s)x : T^X S^. Eor w € TyX we shall wrife 

X^(s) V(5)(w) e S^ 

and fhis is called fhe directional derivative of s al fhe poinf x in fhe direclion w. The following resulf 
holds frue BKNl vol. I, Chapf. Ill, Proposition 2.8 and Proposition 7.5]: 

Proposition B.ll. Let S X be a vector bundle with a vector bundle connection V. The directional 
derivative associated with V verifies the following properties: 

(i) Vw+w'(‘5') = Vwi(5) + Vw'(i') 

(ii) Vw(5 -I- s') ^ Vw(i') + Vw(5') 

(Hi) Xaw{s) ^ Vw(/l5) = AV^(s) 

(iv) Vw(5/) ^ Vw(5) f + s w(/) 

for all w, w' e T^X, s, s' € r(S), AeF and fe C“(X). Moreover, each map Y{TM) x T{S) r(S) 
which verifies (i)-(iv) defines a unique vector bundle connection on S. 
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We recall that a section 5 € r((l’) is called parallel with respect to V if and only if VwC-s) = 0 for all 
tangent vectors w e T^X and all x ^X. 

The vector bundle connection V of (f —> X can be expressed in function of the local trivialization 
and the related transition functions (which are the same as the associated frame bundle 
There is a one-to-one correspondence between (smooth) sections s e T{S) and families {^q,} 
of (smooth) sections Sa ■ Ua ^ F'" satisfying sp{x) = (pp^aix) ■ Saix) for all x e Uq. n Up. In fact the 
section s and the functions Sa are related by fa o s{x) = (x, Saix)) for each x € X. 


Proposition 6.12. Let V be a vector bundle connection for the vector bundle S' ^ X. Let o) € 
Matip(ni)) be the associated connection 1-form for the frame bundle of S. For each s e r(S) 
let {5„) be the family of local functions associated with the local trivialization {Ua,fa}- The covariant 
derivative V(5) e Q.^{X,S) corresponds uniquely to the family of 1-forms '^{Sa) € given 

by 

•“ -F ^a ■ 

where the ^a ^ Matip(ni)) are the local 1-forms which define co according to Theorem \B.4\ 


Sometimes it is convenient to extend the definition of V given by equations (IB.14I) and (IB. 151) 
to arbitrary (^’-valued forms, thus regarding it as a differential operator on the full exterior algebra 
Q*(X, S) := Y{S ® n*(X)). In fact, given a vector bundle connection V satisfying (IB. 141) and (IB.151) . 
there exists a unique extension 

: D.'‘(X,S) d!^^\X,S) 

such that 

d'^(5A6») = d^{s) A e -V (-if s A d9 

where s € n*(X, S) is a S -valued ^-form and 0 € Q.\X) is an ordinary y'-form (see e. g. IIMSI Appendix 
C] or flhl Section 12.4]). In other words, d'^ is a derivation on the sheaf of graded modules n*(X, S). 
Although d^ = 0, this is generally not the case for d^. The composition 

:= d'^ o d'^:r((f) -^a\x,S) (B.17) 

verifies F^(s A 9) = F^{s) A 9 and in particular it turns out to be C“((f)-linear BMSl Appendix C, 
Lemma 5], i. e. 

F'^if s) = f F^(s) , / € C“(<f) , ^ € r(^) . 

This implies that F^ is a smooth section of the vector bundle End(S, D,^(X, S)) ~ End(S)<E>Q0(^x)^^(^)- 
Hence one has 

F'^ e r(End((f, ))) r(End((f)) ^^(X) =: r(End(S) <8> Q\X)) . 

The operator F^ is known as (vector bundle) curvature. One has that d'^ o d^ = 0 if and only if the 
vector bundle connection V is flat. 


Appendix C. Chern-Weil theory 

The curvature form. Eet oj € 3I(^) be a connection 1-form for the principal G-bundle tt : — > X. 

The wedge product ca A o) defines an element in 0.^(1^, g (8) g) and in order to obtain a two form with 
value in g we can “contract” the tensor product with the help of the Eie bracket 

[•,•]: g ® g —> g 

defined by ^1 ® ^2 •-> [^ 1 , ^ 2 ] for all , ^2 £ g- The cuevature form F^ € g) associated to a> is 

defined by the structural equation 

F^j doj -F ^ [faj A m] . (C.l) 

The main properties of the curvature are listed below (see BKNI vol. I, Chapt. II, Section 5]): 

^Notice that fl^tlt,,, F'") is used as short notation for Ito. x F"') 0 F"’ for product bundles. 
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Proposition C.l. Let n \ ^ X be a principal G-bundle and oj € 3t(^) a connection 1-form and 

the related curvature. Then: 

(i) e g, Ad), namely F,^ vanishes on horizontal vector fields and R*gFoj = Ad(g“*) o 

Fcj = g~^ ■ F^ ■ g; 

(ii) The connection to is fiat if and only if F^j = 0; 

(Hi) F^ verifies the Bianchi identity 

^ [Fc^hto] 

and df[j vanishes on triplets of horizontal vectors. 

As for the eonnection, also the curvature admits a local expression. 

Theorem C.2. Letn : ^ X be a principal G-bundle with local trivializations {Via,ha} and transi¬ 
tion functions [ipp^a)- Let OJ € be a connection 1-form and F^ € g) the related curvature. 

Let {iTia € n^(llQ., g)) be the family of local 1-forms which provide a local description of to in the sense 
ofTheorem \B.4\ Then the curvature Fcj is described by the collection of local 2-forms {T'a e g)) 

given by 

Ta 

In the case of a vector bundle —> X, a connection 1-form oo on the associated frame bundle 

X induces a vector bundle connection V : T{(F) —> Q.^{X,S’) according to Definition IB.101 
Similarly, the curvature F^j is identified to the unique 2-form F'^ € n^(X, End(ff)) given by formula 
(IB.17I) . Let w, w' € rX be vector fields and s € r((F) a section, then 

F'^iw,w'){s) - (VwVw^ - Vw-Vw - V[w,w'])W (C.2) 

where [•, •] is the Lie bracket of vector fields flhl Section 12.6]. 

The Chern-Weil homomorphism. Given a principal G-bundle n : ^ X with a connection 1-form 

to the Chern-Weil homomorphism provides a way to associate certain closed differential forms on X. 
The corresponding classes in the de Rham cohomology //* (X) do not depend on oo but only on the 
isomorphism class of the G-bundle Lor an exhaustive treatment of this topic we refer to BKNl vol. 
II, Chapt. XII] or IIMSl Appendix C]. 

Let L be a finite dimensional vector space and S^{V*), k ^ I the space of k-linear functions P : 
V y. ... X V 1. which are symmetric in the sense that P(vi ,... ,Vk) = P{Vcr(\), ■ ■ ■, Vo-(k)) for all 
v\,... ,Vk € V and every permutation cr of the indices 1,..., k. One can also define a product o : 
S^{V*) X S\V*) given by 

(P o e)(v,....,v„) := 2 P(Vcr{l), ■ ■ ■ , Vcr{k)) G(Vo-(/t+l), ■ • • , Vcr{k+r)) 

' (T 

where P e S^{V*), Q € S\V*) and tr runs over all permutations of 1,..., k -i- /. It is useful to 
introduce also .S*’(L*) := R and the graded space .S*(L*) S^{V*). One can verify that .S*(L*) 

is a ring with unit 1 e R = .S*’(L*). This ring have a nice representation. Let n be the dimension 
of V and {ei,..., e„) a basis. Consider the polynomial ring R[xi,..., x„] made by polynomials with 
real coefficients of every degree in the variables xi,..., x„. Let R[xi,..., c R[ai, ..., x„] be the 
subset of homogeneous polynomials of degree k. The map v - YIl (.^i, • • •, Xn) induces a map 

S^{V*) 3 P P e R[xi,..., x„]* given by P{xi ,..., x„) := P(v ,..., v). This map turns out to be 
an isomorphism of vector spaces S^{V*) ^ R[xi,..., x„]*^ which extends to an isomorphism of rings 
*S*(L*) - R[xi,..., x„] as proved in BKNl vol. II, Chapt. XII, Proposition 2.1]. 
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Let q be the Lie algebra of a Lie group G. The adjoint representation of G on q induces an action of 
G on 5^(g*) given by 

for all ^ > 0, g € G and . ,^k ^ We say thet P e S^{q*) is invariant if g • P = P for all g e G. 
The (graded) subring of the invariant elements of 5*(g*) will be denoted by J*(g*). We refer to the 
elements in J*(g*) as invariant polynomials. 

Now, let n- : ^ X be a principal G-bundle with a connection 1-form oj and associated curvature 

Fcj € g) given by the structural equation (IC.ll) . For each \ one has P^ = A ... A P^ e 

g®.. .®g). Every invariant polynomial P € J^(g*) identifies a unique linear map P : g®.. .®g ^ 
R (still denoted with the same symbol) just by the identification P(^i ,... ,^k) - P{^\ ® ® ^k)- Then 

P(P^) is a 2^-form, namely an element of Since is Ad-equivariant and horizontal and 

P is invariant, it follows that P{F^) is invariant and horizontal, namely it is a basic 2^-form. Hence 
by Proposition IB.5I (ii) there is a unique 2^-form P{F^) e Q^^(X) which pulls back to P{F^) by 
TT* : Q^*(X) —> This is called the characteristic form corresponding to P and co. The most 

important facts about the characteristic forms are summarized below: 

Proposition C.3. Let n : LP ^ X be a principal G-bundle, oj € g) a connection 1-form and 

P € P^(g*), Q € P^(g*) invariant polynomials. Then: 

(i) P{F^) € n^^(X) is a closed form, that is dP(P*) = 0 . 

(ii) (P^QWi) - P{Fi) A Q{Fi). 

(Hi) Let {ip,(p) be a bundle map between ^ X and —> X' and oj' := ip*oj the induced 

connection on SP'. Then P{F^,) = (p*P{F^). In particular gauge equivalent connections have 
the same characteristic forms (in this case X - X', (p = Idjf and ip reduces to an isomorphism). 


Let us denote with cw{lP, P) := [^P^,)] € (X) the de Rham class of the 2k-form P{F^,). The 

mapping 

cwilP,-) : JV) ^^d.R.W (C-3) 

is called the Chern-Weil homomorphism and cw{l3^, P) is the characteristic class of IP corresponding 
to P. One has the following result IIKNl vol. II, Chapt. XII, Theorem 1.1]: 

Theorem C.4. Let n : tP ^ X be a principal G-bundle. Then: 

(i) For every P e J^(g*) the cohomology class cw{tP,P) € F[^^{X) does not depend on the 
choice of the connection oj. 

(ii) cw(lP, •) is a homomorphism between the rings (P*(g*), o) and (X), A). 

(Hi) Let {p,(p) be a bundle map between IP ^ X and IP' X' Then cw{tP',-) - (p*cw(lP,■). 
In particular for isomorphic principal G-bundles one has cw{tP', •) = cw{tP, •) (in this case 
X = X', <p = Idx and p reduces to an isomorphism). 

Chern classes. A characteristic class c (with coefficient in F = 7., Z 2 , R, C,...) for principal G- 
bundles associates to every principal G-bundle n : P ^ X a. cohomology class c(P) € H*{X, F) such 
that c{P) - c(P') \i P ~ P' and f*c{P) - c(f*P) for each map f : X ^ X' between base spaces. 
The set of characteristic classes for principal G-bundles is a ring denoted with H^(F). The de Rham 
isomorphism BBTl Chapter II, Theorem 8.9] 

^d.R.(^) ^ H\X,R) 

which is certainly true if X is a smooth manifold and Theorem |C4] pro vide the following: 

Corollary C.5. For every P € P^(g*) the element cp{-) i o cw{-,P) is a characteristic classes for 
principal G-bundles. Moreover the mapping P^(g*) 9 P 1 —> c/> € //^(IR) is a ring homomorphism. 
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Let US focus on the case G = TU(ni) with Lie algebra u{m) given by the mxm anti-hermitian matrices. 
The (real) polynomials Ck given by 

/ 1 \ “ 

“ Tl^^j " 2 ■ • ■ ’ ’ t € R , ^ € u(m) 

are homogeneous of degree k and Ad-invariant. For a given principal G-bundle n \ ^ ^ X the 
characteristic class Ck{^) '■= i ° cw{^, Ck) e R) is called the k-th Chern class of 3^. Without 

any risk of confusion we can also think to Ck{l^) in terms of its representative in the de Rham complex 
H-^{X). 

Let § ^ X be a rank m hermitian vector bundle and ^{S) —> X the associated principal l[J(m)- 
bundle. We define 

CkiS") := Cki^iS")) 

to be the k-th Chem class of the vector bundle S . 

Relation between topological and differential Chern classes. Hermitian vector bundles (resp. prin¬ 
cipal l[J(ni)-bundle) can be obtained, up to isomorphisms, as pullbacks of a universal classifying vector 
bundle (resp. principal l[J(ni)-bundle). A model for this universal object is provided by the tautological 
vector bundle (resp. principal l[J(m)-bundle) over the Grassmann manifold 

00 

G™(C“) := \J G™(C”) , 

n=m 

where, for each pair m n, Gm(C") V(n)/{V{m) x l[J(n - m)) is the set of m-dimensional (complex) 
subspaces of C”. Let n : G,„(C“) be the universal classifying bundle, meaning that each 

rank m hermitian vector bundle S’ —> X (resp. principal l[J(m)-bundle ^ X) can be realized, up 
to isomorphisms, as the pullback of with respect to a classifying map ip ■. X ^ Gm{C°°), that 
is (f - if* (resp. ~ ip* Since pullbacks of homotopic maps yield isomorphic bundles 

(homotopy property), the classification only depends on the homotopy class of ip. This leads to the 
fundamental result ISB IMSl 

Vec^(X) - Prinu(,„)(X) - [X,G^(C“)] (C.4) 

where in the right-hand side there is the set of the equivalence classes of homotopic maps between X 
and G„j(C°°). An important result in the theory of fiber bundles is fhe compufafion of the cohomology 
ring of the Grassmann manifold IIMSl Theorem 14.5]: 

//•(G,„(C“),Z) - Z[ci,...,c,„] (C.5) 

is the ring of polynomials with integer coefficients and m generators Ck € //^^(Gm(C“), Z). These 
generators Ck are called universal Chern classes and there are no polynomial relationships between 
them. The Chern classes of a general Hermitian vector bundle S’ (res. principal l[J(m)-bundle ^) are 
constructed as follows: let tp € [X, Gm(C“)] be the map which represents S (resp. ^) according to 
(1C.41) . then ip* : H^{G,niC°°),Z) —> H^{X,Z) is a homomorphism of cohomology groups for all k. The 
k-th topological Chern class of is by definition 

Ck{^) := ip*{tk) e //^^(X,Z) k= 1,2,3,... . 

and similarly for S. Since the homomorphism ip* only depends on the homotopy class of ip, isomorphic 
bundles possess the same family of topological Chern classes. Moreover, the c^-’s are functorial hence 
they define integer characteristic class Ck e 

The inclusion Z R induces a homomorphism 

h\x,Z) h\x,R) 

which is injective (f. e. a monomorphism) if and only if X has no torsion (cf. equafion (13.51) ). The 
differential Chern classes Ckilf^) € H'^^{X) ^ //^*^(X,R) are related to fhe topological Chern classes 
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Ck{^) € by the relation Ck{^) - r{ck{^))- This shows that in the passage from the 

topological to the differential Chern classes possible information about torsion is lost. 


Appendix D. A reminder about spectral sequences 


In the computation of the equivariant cohomology, a basic tool is the Leray-Serre-(Atiyah-Hirzebruch) 
spectral sequence associated to the canonical fibration 

X ^ (D.l) 

of the homotopy quotient (I3.1I) . 

Cohomology spectral sequence. We start by recalling some fundamental facts about the notion of 
spectral sequence. For a more accurate treatment we refer to ]Sp[ Chapter 9] or IIFFGl Chapter III] or 
BDKl Chapter 9]. 


A bigraded abelian group (resp. “R-module) is a collection of the type E = {EP’^p^q^z where 
are abelian groups (resp. “^^-modules). Sometimes the notation E - ^ p is also used. A 
differential on the bigraded abelian group (resp. “R-module) £ is a homogeneous moiphism 5 \ E ^ E 
such that d o d = 0. We say that 6 r is a differential of cohomological type if it has bidegree (r, 1 - r) for 
some positive integer r > 0, meaning that d^ : E^’'^ —> A cohomology spectral sequence is 

a collection ^ o,qeZ Er‘^,br}r>0 of bigraded abelian groups (resp. “R-modules), endowed with a 

cohomological differential with bidegree (r, 1 - r), such that 


pP,‘i 


HP’ffEr,Sr) 


Ker(d, : ^ Er’‘‘~''*') 

Im(d, : ^ EP’^) ■ 


Intuitively we think of spectral sequences as pages of abelian groups (resp. “^^-modules) (Er is called 
the r-th page of the spectral sequence) such that the (r + l)-th page is isomorphic to the homology of 
the r-th page. Because the homology of a module is a quotient of a submodule we would expect that 
the modules on the (r -i- l)-th page to be “smaller” than the modules on the r-th page. If we fix a grid 
posifion (p, q) € I? and look af fhe sequence of modules EP’P as r increases, we hope fhaf eifher EP’‘^ 
evenfually becomes zero, or stabilizes in fhe sense fhaf for all r greafer fhan some rg. If 

fhis is fhe case we wrife E^^ - EP’P for r > ro. This leads us fo wanfing fo define in certain sifuafions 
a “limif” page, called fhe Eoo page. To explain fhis concepf more precisely lef us drop fhe bigrading 
for a momenf on our modules Er. Lef Z\ Ker(di) and Bi := Im(di) be fhe cycles and boundaries 
so fhaf E 2 - ZilBi. By consfrucfion c Zi c Ei are submodules. If is possible fo show fhaf fo a 
specfral sequence {Er, Sr}r>o is associafed a lower of submodules 


0 c c B 2 £ ■ ■ ■ £ fir Q ■■■ QZr Q ... £ Z 2 c Zi c £■[ (D.2) 

such fhaf Er+i ~ ZrlB,. and fhe differential : Er+\ Er+\ induces maps 6 r+\ : ZrlBr ZrlBr 
such fhaf 

Ker(dr+i) ^ Zr+ijBr, Im(tir+i) ^ Br+ilBr . 

Notice fhaf fhe above relalions lead fo an exacl sequence 

0 -> Zr+ljBr -> ZrlBr —^ Br+ljBr -> 0 


which imply fhe sel of isomorphisms 

Zr/Z,.+ 1 ^ Br+\IBr . (D.3) 

We say fhaf Z^ is fhe sel of elemenls fhaf “survived” fo fhe r-lh page, and Br is fhe sel of elemenls fhaf 
are boundaries by fhe r-lh page. Seeing as how fhe B^’s form an increasing lower and fhe Z^’s form a 
decreasing lower one defines Zoo Plr^r (sel of elemenls fhaf “survive forever”) and Boo := Ur^r 
(fhe sel of elemenls fhaf “evenfually bound”) and fhe limiling page of fhe specfral sequence is given by 

Eoo .— Zoo! Boo. 
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The important aspect of the above construction is that it can be reversed. More precisely, it can be 
shown that given just a tower as in (ID.2I) and isomorphisms as in (ID.3I) . one can work backwards and 
construct a spectral sequence. Let A be an abelian group (resp. “^^-module). A (cohomology) filtration 
for A is an increasing tower 

0 c ... c c ... c c c F~^ Q ... Q F~p Q ... c A (D.4) 

of submodules A. The filtration is convergent if the union of the F^’s is A and their intersection is 0. 
In the case A = A^ is a graded module, then the filtration is assumed to preserve the grading, 

i. e.FP n A^ c FP~^ n A^ and this leads to a bigraded filtration just by setting F^’^ := F^ n 
Given a cohomology filtration F^ of an “F-module A we can realize a graded “F-module denoted by 
Gr{A,F) := ^^^^GrP{A,F) by 

GrP{A,F) := FPjFP-^^ . 

If A is graded the associated module is automatically bigraded Gr{A, F) := GrP’P{A, F) by 

GrP'HA,F) := (F^ n AP+'?)/(F^+'n A^+«) . 

Now suppose that our filtered, graded module (A,F) also had a differential 6 compatible with the 
filtration in the sense that d : F^ n A^ ^ F^ n Then 5 descends to a map on the associated 
bigraded module 6 : GrP’P(A, F) ^ GrP’P'''^{A, F) such that d o d = 0. 

Given a bigraded cohomology spectral sequence {F^ = br}r>o and a graded “F-module 

A = spectral sequence converges to A and write 

EP’‘^ ^AP*‘‘ 

if: (i) for each (p, q) there exists an ro so that Sr : Ff * —> Er’‘^ is zero for all r ^ ro and in 
particular this implies that there is an injection F^j^j Ff’^ for all r ^ ro; (ii) there is a convergent 
(cohomology) filtration F for A so that the limit F^^ := Plr^ro is isomorphic to the associated 
graded module GrP’‘>(A,E). 

We can now state the fundamental theorem for the construction of spectral sequences: 


Theorem D.l (Cohomology spectral sequences). Let (A = ©^gz^^><5) be a cocliain complex of 
abelian groups (resp. ^.-modules) and F a (cohomology) filtration for A such that the filtration respects 
the grading and the differential d is compatible with the filtration. Then there is a cohomology spectral 
sequence [Er = ^r}r>o such that Fq := Gr(A,F) and 


E 


1 


//^+^(F^/F^+\d) 


Ker(d : GrP’‘<{A,E) GrP’‘<+fA,E)) 

Im(d : GrM-i(A,F) ^ GrP^‘i(A,E)) 


If the filtration is convergent then 

Ff’^ ^HP'^‘‘{A,S) 


Ker(d : A'’+« ^ A^+?+*) 
Im(d : AP+?-‘ ^ AP+'?) 


namely the spectral sequence converges to cohomology of FI* (A, d) of the cochain complex (A, d). More 
in detail, this means that 


Ker(//P+'?(A, d) ^ HP^%FP-^ n A,d)) 

FS" - -^ (D.5) 

}Atr(HP-^fiA, d) ^ HP+^iFP n A, d)) 

where the maps are induced by the inclusions FP D A c A. 


For the proof of this theorem see, fore instance, [S^ Chapter 9, Section 1]. 

Spectral sequences associated to fibrations. Let 


F ^ M 


f 


B 


(D.6) 
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be a (Serre) fibration -with fiber F and base space B which is path connected and has a CW-complex 
structure. Let b* be a generalized cohomology theorj^. The fundamental group nfiB) acts as transfor¬ 
mation group of the fiber F and therefore it defines an acfion p of nfiB) on the generalized cohomology 
groups The action p endows the groups bfi{F) with the structure of a module over the group 

ring Zn{B) and one can define fhe cohomology with local coefficients H*{B, f)^(T’)) as the cohomology 
of the cochain complex lfi{F)) where {dk : Ck Ck-\} is the singular chain complex of 

the universal covering B of B. 


The CW-complex structure 0 = B_i ^ ... c Bp c ... c B induces a filtration 

0 = M_i c Mq <z Ml <z ... <z Mp <z ... <z M on the total space where Mp := f~^{Bp) and the 
inclusions Mp-i Mp M induce maps in the cochains which define the cohomology theory f)*- 
More precisely one has 

0 c ... c ^P^C‘>{M) c ... c ^^^C‘>iM) c c := C^(M) (D.7) 


where C‘^{M) is the abelian group of the ^-cochains of M and are the ^-cochains which vanish 

on the ^-chains CP{Mp) of Mp c M. Let us set the graded group (resp. module) A := 

The filtration induced on M by the skeleton structure of B provides by (ID.7I) a filtration of the graded 
complex A which preserves the grading and it is compatible with the differential. This allows us to 
define abigraded group (resp. module) Eq := ^ with 

(P-‘)c^^+9(M) / = CP'^‘>{Mp\Mp-i) . 


We want to think to Eq as the zero page of a spectral sequence. The one page is then given by 
Ker(d : C^+?(Mp|Mp_,) ^ C^+?+HMp|Mp_,)) 


em = 


- l)P^HMp\Mp_i) 


Im(d : CP^‘i-HMp\Mp_i) ^ CP-^fiMp\Mp.i)) 

In order to describe the page 2 of the spectral sequence we need the important isomorphism 


i)P^%Mp\Mp_i) - CP{B,l)\F)) 


where on the right-hand side we have the group of the p-cochains of B with local system of coefficients 
given by the Z7r(B)-module f)^(T). This implies that 


E 


2 


Ker(d : CP{B,\)‘I{F)) CP'^\B,l)fiF))) 

f = HP(B,mF)). 

Im(d : CP-\B,\)fiF)) ^ CP(S,b‘?(F)) 


/ 

Theorem D.2 (Cohomology Leray-Serre spectral sequence). Let F M ^ B be a (Serre) fibration 
with fiber F and base space B which is path connected and has a CW-complex structure. Let h* be a 
generalized cohomology theory. Assume also that there exists a qo such that ifi(F) = 0/or ail q < qo. 
Then, there exists a spectral sequence {Er, 6r} with 

EP’^i ^ cP{B, I)'^(F)) , = HP{B, I)^(F)) 

that converges ^ l)P'''‘^(M), namely 

Ker{l)P^‘}(M) ^ i)P^%Mp-i))) 

EPJ - -!--^ (D.8) 

Ker(l)/’+«(M) ^ 

where the maps are induced by the inclusions Mp c M. 


generalized cohomology theory is a family of contravariant functors from the category of pairs of topological spaces 
and continuous functions (or some subcategory of them such as the category of CW-complexes) to the category of Abelian 
groups and group homomotphisms that satisfies the Eilenberg-Steenrod axioms IDKI Section 1.5]. 
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For the proof of this theorem see, fore instance, | [S^ Chapter 9, Section 2]. 

Group cohomology. We briefly recall the notion of group cohomology for the particular case of Z 2 . 
For more details we refer to llBrll . As a system of coefficients we fix an abelian group ^ which has 
a (left) Z 2 -module structure given by a representation p : Z 2 —> Aut(J?l). This allows us to use the 
notation e ■ a := p{e){a) for all e e Z 2 and a € As typical example, when Z 2 acts on a topological 
involutive space (X, t), then H^{X, K) has a Z 2 -module structure given by the pullback induced by the 
map T. Tensoring by Z(m) over Z, we get also the Z 2 -module 

H\x,'R{m)) := -R) ®z Z(m) (D.9) 

where the Z 2 -action on Z(ni) is given by the multiplication by (-1)“. We point out that, differently 
from the case of the equivariant Borel cohomology (cf. Section ISTl) the coefficients K{m) in (ID.9I ) are 
not local systems. 

The cochains of the group cohomology with coefficients in Ji are defined by 

C°,„„p(Z 2 ,:?l) ^ , C^„„p(Z 2 ,^) := {/ : (Z 2 )'^ ^ | maps) , k> I 

The sets inherit from Jl the structure of abelian groups. If ^ is further a vector space, 

then so are Cgroup(Z 2 , ^)- The differential S : Cg^oupCZi,^) ^ Cg;!oup(Z 2 , is given by 

.. ,ek+i) := f{e 2 ,...,€k+i) + (-l)^+‘e^+i •/( 61 ,..., 
k 

+ ^(-1)' /(^G • • • > ei-u{eiei+i), e,+2,..., e^+i) 

(=1 

where a multiplicative notation for element in Z 2 has been used. Since one directly checks that 5^ = 0, 
one gets a cochain complex (CgJo^p(Z 2 , yi), d) with related cocycle groups Z^g^p(Z 2 , and cobound¬ 
ary groups Bg^ojjp(Z 2 , J?l). Then, the k-th group cohomology is defined as 

^group(Z 2 ,.?l) := Zgroup(Z 2 ,J?l) / Bgroup(Z 2 ,.Zl) ■ 

The following result will be used in the following: 


Lemma D.3. If the abelian group underlying the Z 2 -module ^ is a vector space (over R), then 




groupV 


1 ,^) = 


{a e ^ I e ■ a = a , e e . 


0 


if k = 0 
if k > 0 . 


Moreover 


^group(^2,‘Zl®zZ(m)) = 


[a e ^ \ e ■ a = {-lY'a , e generator of 

0 


if k^O 
if k >0 . 


(D.IO) 


where the Z 2 -action on Z(m) is given by the multiplication by (-1)'". 


Proof In the case k = 0 one has //gJQ^p(Z 2 , J?l) = ZgJ(,^p(Z 2 , J?l) and a 0-cochain a € Jiis a. 0-cocycle 
if (da)(e) = a - e • a = 0 for all 6 € Z 2 . 

To prove that H^^^^p{Z 2 , Jl) = 0 if k > 0 it is enough to show that for each k-cocycle / e 
Zgroup(^ 2 >'^) there is a (k - l)-cochain h e C^~J^^p(Z 2 , yi) such that 6 h - f. Such a (k - l)-cochain h is 
explicitly constructed from / by means of an “average”, i. e. 


/i( 62 , ..., ejt) 


61 €Z2 


The cocycle condition ( 6 f){ei, € 2 ,..., ek, Ck+i) - 0 implies that 

/(e2,...,e)t+i) = fi{eie2),e3...,ek+i) + (-l)*e^+i •/(ei,..., 


k 

+ ■ ■ • ’ ^i+2, ■■■, ek+l) . 

i=2 


(D.ll) 
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By averaging the right-hand side on 6i (the left-hand side does not depend on this variable) one gets 

f{e2,...,ek+i) ^ h{e3 ..., €k+i) + •/i( 62 ,..., ci:) 

k 

+ ^(-1)'"^* ■■■, e,-i, (c,c,-n), ei+2,ek+i) 

i=2 

and, after suitably reshuffling the indices, one recognizes the desired relation / = dh. 

Finally, the isomorphism (ID. 101) is certainly true for k > 0. For k = 0 the isomorphism follows from 
the isomorphism of Z 2 -modules Ji ®z Z(/m) - Ji. At level of abelian groups this isomorphism is given 
by the identification a ®z n = na However, in order to have an isomorphism of Z 2 -modules we 
need to endow Ji with a new Z 2 -action “twisted” by Z(ni). More precisely the Z 2 -action on ,^®zZ(ni) 
induced by the non trivial element c € Z 2 by a ® n i-^ c • a (gi (-l)'”?i and the “twisted” Z 2 -action on ^ 
given by a 1 -^ (-1)'"c• a are compatible with respect to the identification a^zn = na®z^ and provides 
the desired isomorphism. This fact concludes the proof of ID. 101 ■ 

We point out that the possibility to define the average (ID.Ill) depends on the vector space nature of J{ 
which allows the multiplication by the scalar At this point it is easy to understand that the proof 
generalizes to the case of a Z 2 -module ^ whose underlying abelian group is a module over a ring in 
which 2 is invertible. 


Application to the Borel equivariant cohomology. The Leray-Serre spectral sequence is an ex¬ 
tremely useful tool for the computation of the Borel equivariant cohomology. The application of The¬ 
orem |D]2] to the canonical fibration (ID.II) for the generalized cohomology theory H*{- ,1i{m)) defined 
in (ID.9I) provides for the page 2 of the spectral sequence 

where the last equality is provided by the standard identification of the group cohomology for the group 
Z 2 with coefficients in the Z-module H‘i{X,'R{m)) llBrl . Moreover, the spectral sequence converges to 

EPJ ^ HP*%X^,n{m)) =: H^^\X,K{m)) . 


The page 2 of is concentrated in the. first quadrant, meaning that = 0 if p < 0 or g < 0. This 


gives us important information. For example from F", 


2,1 ^ ^2,-1 _ 


pO.O _ 


Ker(d : E'. 


-0,0 

2 


t’2,-1 


= 0 we deduce that 


) 


Im(d : £-2’' ^ 


= e: 


0,0 


and similarly 


4° = = ... = H)i(X,n{m)). 


- fO,o _ 


In particular, all the spectral sequence degenerates at the page 2 in the case of a coefficient system 'R{m) 
which is a vector space over R (in particular in this case Lemma I d 3] applies and one has immediately 


£" 2 ’^ = 0 for all q > 0). For instance, in the case of coefficients R(m) the isomorphism (ID.81) provides 


_ pP.q _ _ pPA 

-C'2 — •^3 — ' ' ' — -^00 — 


Ker(//^^^^(X,R(m)) ^ //^+^(Ap_i,R(m))) 
Ker(//^;‘?(A,R(m)) ^ R(m))) 

and one obtains the isomorphism 

//^^(A,R(m)) - eI^ //^„„p(Z2,//‘?(A,R(m))). 


(D.12) 
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Appendix E. Some properties of the cohomology Ht (X, R/Z(l)) 


Let R/Z(l)) be cohomology group defined by (I3.17I) . In analogy to the case of coefficients 

Z(l) investigated in UGol also R/Z(l)) can be described as a Borel equivariant cohomology with 

local system of coefficients. Moreover the exact sequences of BGol Proposition 2.3] can be generalized 
in the following way: 

... ^ //^^(X,R/Z) ^ //^(X,R/Z) ^ //|^(X,R/Z(1)) ^ H^^\X,R/Z) ^ ... (E.l) 

... ^ //^^(X,R/Z(1)) ^ H\X,R/Z) //|^(X,R/Z) ^ //|;'(X,R/Z(1)) ^ ... (E.2) 

where j is the map which forgets the Z 2 -action. One has also the exact sequence (13.181) associated to the 
short exact sequence 0 —> Z(m) —> R(m) ^ R/Z(ni) ^ 0 of coefficients both for m = 0,1- Let X = {*} 
be a single point. Erom BGol Proposition 2.4] and the isomorphism (13.41) one has = 0 

for all k = 'M, *■(!)) “ ^ and Then, by exploiting the exact sequence (13.181) 

one obtains 

, , , f Z 2 if ^ is even or ^ = 0 

//‘.(|.|,R/Z(1)) HgTW.Zd)) - 0 if , (E.3) 


and similarly 

//°^({h.},R/Z) - R/Z, 


//|^({h.},r/z) //|;‘({h.},z) 



if ^ > 0 is even 
if k is odd 


(E.4) 


Proposition E.l. Let (X, t) be an involutive space. If X is connected and there is at least one fixed 
point then: 


(i) //°^(X,R/Z) ^ R/Z W//°^(X,R/Z(1)) ^ Z 2 ; 

(ii) The map j : //^^(X, R/Z(l)) —> //^(X,R/Z) which forgets the Z 2 -action is injective. 


Proof, (i) If F is a connected space then Hq{Y) ~ Z and H'‘\Y,K) := Homz(Z, 7?). If X is connected 
also the homotopy quotient X.^r turns out to be connected, hence by the very definition of the Borel 
cohomology one has H^^{X,M.IZ) - Homz(Z, R/Z) - R/Z. By definition of the reduced cohomology 

one has H^^(X,RIZ) - H^fiX,RIZ) 0 H^fif*},RIZ) where {*} c X is any fixed point. A comparison 
with (IE.4I) shows that H'^J^X,RIZ) = 0. A similar argument also proves that ^®(X, R/Z) = 0. The 
exact sequence (IE.2I) leads to the following exact sequence for the reduced theory: 

0 ^ .^°,(X,R/Z(1)) ^°(X,R/Z) = 0 ^ hI^{X,RIZ)^0 

proving that also ^o^(X,R/Z(l)) - 0. Then //°^(X,R/Z(1)) //°^({*), R/Z(l)) =; Z 2 . 

(ii) Since the map //'’(X, R/Z) —> H^_J^X,RIZ) is surjective (the full contribution to both groups is 
given by a fixed point) one deduce from (IE.2I) the injectivity of j. m 
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